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ABSTRACT
With the aim to study six-dimensional (2, 0) superconformal theories with non-Abelian tensor
multiplets we propose a five-dimensional superconformal action with eight supersymmetries for an
infinite tower of non-Abelian vector, tensor and hypermultiplets. It describes the dynamics of the
complete spectrum of the (2, 0) theories compactified on a circle coupled to an additional vector
multiplet containing the circle radius and the Kaluza-Klein vector arising from the six-dimensional
metric. All couplings are only given in terms of group theoretical constants and the Kaluza-Klein
levels. After superconformal symmetry is reduced to Poincare´ supersymmetry we find a Kaluza-
Klein inspired action coupling super-Yang-Mills theory to an infinite tower of massive non-Abelian
tensors. We explore the possibility to restore sixteen supersymmetries by using techniques known
from harmonic superspace. Namely, additional bosonic coordinates on a four-sphere are introduced
to enhance the R-symmetry group. Maximally supersymmetric Yang-Mills theories and the Abelian
(2, 0) tensor theories are recovered as special cases of our construction. Finally, we comment on the
generation of an anomaly balancing Wess-Zumino term for the R-symmetry vector at one loop.
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1 Introduction
Six-dimensional interacting theories with (2, 0) supersymmetry have resisted a complete under-
standing since their discovery [1]. These theories propagate tensor multiplets which transform
under a non-Abelian group G and are supersymmetric with sixteen supercharges. They can arise
as the low energy limit of multiple M5-branes or in the compactification of Type IIB string theory
on singular geometries. So far no six-dimensional action for these theories is known and it remains
unclear if such an action actually exists. Furthermore, given the fact that they have no dimension-
less parameter a perturbative expansion seems not possible even given an action. Much research
has been directed to nevertheless analyze the properties of these theories by using string dualities,
matrix theory or a partial knowledge of required couplings [2–5]. Reviews on the (2, 0) theories can
be found in [6–8].
There are various complications that have to be addressed in order to find a formulation of
six-dimensional (2, 0) theories. Two separate problems are particularly prominent. Firstly, the
tensor multiplets have to contain a two-form with self-dual field strength. There is no canonical
six-dimensional action for such chiral two-forms [9]. Different solutions to this problem have been
proposed, based on breaking of manifest Lorentz invariance, introduction of auxiliary fields, or a
holographic approach [10–12]. Secondly, finding an action with interacting tensors transforming
under a non-Abelian group is complicated due to the fact that (2, 0) theories admit no vectors
in their spectrum. Even forming a covariant derivative for the tensors seems challenging. Recent
discussions about the various complications in formulating (2, 0) theories can be found in [13–19].
In this work we approach six-dimensional (2, 0) theories by studying a five-dimensional action
for an infinite tower of modes that can be interpreted as Kaluza-Klein states. We propose that
using this perspective one can address both the self-duality as well as the non-Abelian gaugings at
the level of an action. Indeed, we will write a five-dimensional superconformal action with N = 2
supersymmetry, i.e. with eight supercharges, whose spectrum, however, is chosen to consist of the
degrees of freedom of the six-dimensional (2, 0) tensor multiplets compactified on a circle together
with an additional N = 2 vector multiplet containing the circle radius and the Kaluza-Klein vector
of the six-dimensional metric. The infinite tower of N = 2 non-Abelian tensor and hypermultiplets
are interpreted as Kaluza-Klein excitations since they are gauged by the Kaluza-Klein vector. In
accord with the six-dimensional self-duality the tensors turn out to have only Chern-Simons type
kinetic terms. The zero modes play a distinctive role both in imposing the self-duality constraint
and in the implementation of the non-Abelian gaugings with gauge group G. Our action fits in
the general N = 2 superconformal framework of [20, 21] that extends and applies [22–26].1 It
is crucial, however, that all couplings in our theory are only given in terms of group theoretical
constants associated to G and the Kaluza-Klein levels.
1Recent progress on the construction of (1, 0) superconformal theories in six dimensions can be found in [27, 28].
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The five-dimensional superconformal invariance of the N = 2 action is implemented in a way
compatible with a subgroup of the six-dimensional superconformal group. This implies that the ad-
ditional vector multiplet, containing the circle radius and the Kaluza-Klein vector, has to transform
in accord with the six-dimensional line element. However, in order to more directly interpret the
N = 2 superconformal action as a Kaluza-Klein theory, one has to fix superconformal invariance.
We consider a restriction of the action that preserves N = 2 Poincare´ supersymmetry by giving a
vacuum expectation value to the entire multiplet containing the circle radius and the Kaluza-Klein
vector. After this gauge-fixing the infinite tower of tensor multiplets and hypermultiplets will gain
a mass proportional to the Kaluza-Klein scale set by the circle radius. The non-Abelian gaugings
and the realization of only half the maximal supersymmetry, however, prevent us from lifting the
five-dimensional theory directly to six dimensions. Analyzing two special cases is instructive.
Considering zero modes alone the restricted N = 2 action reduces to only maximally super-
symmetric Yang-Mills theory with gauge group G. The zero mode sector is automatically invariant
under sixteen supercharges and is thus N = 4 supersymmetric. This theory was recently discussed
in connection with (2, 0) theories in refs. [29, 30]. It was proposed that the full dynamics of (2, 0)
theories is encoded in maximally supersymmetric five-dimensional Yang-Mills theories at the non-
perturbative level. In particular, the full tower of massive Kaluza-Klein modes was not included
in the perturbative super Yang-Mills action but rather recovered as a subset of non-perturbative
excitations of the action. This point of view should be contrasted with the approach taken in this
work. Here we include the Kaluza-Klein modes directly in the five-dimensional superconformal
action and propose a set of consistent interactions. We believe that this gives a promising starting
point to give a lower-dimensional action formulation of (2, 0) theories.
A precise identification of the five-dimensional theory as Kaluza-Klein action of a (2, 0) theory
can be given in an Abelian setting. In this case a six-dimensional pseudoaction for a number of non-
interacting (2, 0) self-dual tensor multiplets can be given. We show that the circle compactification
allows to derive a proper five-dimensional N = 4 action keeping all Kaluza-Klein modes. The
resulting theory provides a supersymmetric completion of the five-dimensional bosonic tensor action
considered in [11, 12]. We find that this action matches precisely with our restricted N = 2
superconformal theory in an Abelian setting. As for the zero mode action alone, supersymmetry is
automatically enhanced to N = 4 in this Abelian case.
It is an interesting question whether a maximally supersymmetric theory with a non-Abelian
tensor tower exists in five dimensions. At first, following [31–34], it appears not to be possible to
formulate such an action in an obvious manner, since the constraints imposed by having sixteen
supercharges are not compatible with the non-Abelian gaugings. We discuss a possibility how
one might circumvent these problems by studying an enhancement of the N = 2 R-symmetry
group SU(2)R to the R-symmetry group USp(4)R of an N = 4 theory. This is achieved through
introducing an additional four-sphere S4 and promoting all fields to functions on the latter. Already
2
in the N = 2 setting the field content can be grouped into proper N = 4 multiplets. R-symmetry
invariance of the action is obtained by integrating over S4 which realizes USp (4) transformations
as coordinate reparametrizations. More abstractly, we patch together infinitely many copies of the
N = 2 supersymmetric action discussed before such that the resulting action displays USp (4)R
R-symmetry. This procedure follows closely in spirit ideas of harmonic superspace [35–40] and
indeed we devote some time to discuss the group-theoretic underpinning in more detail.
In the final section of this work we also make first comments on the quantum properties of the
five-dimensional action. This is motivated by [12, 41], where it was shown that a five-dimensional
action containing all Kaluza-Klein modes can be used to study six-dimensional gravitational anoma-
lies. In five dimensions the latter are encoded in a one-loop contribution to a Chern-Simons term for
the background Kaluza-Klein vector with all excited Kaluza-Klein modes running in the loop. In the
context of our action including infinite tensor towers, we investigate here how Kaluza-Klein modes
can contribute to a five-dimensional Wess-Zumino term involving the background R-symmetry vec-
tor. Such a term is already expected in six dimensions to be induced by the breaking of the gauge
group G→ H×U(1). It compensates for the shifted anomaly counting after massive modes arising
in this breaking are integrated out [42, 5]. We consider the case G = SU(N) so that the corre-
sponding (2, 0) theory is the world-volume theory of a stack of M5-branes. Considering the theory
already in the broken phase SU(N − 1) × U(1) we investigate how integrating out Kaluza-Klein
modes in an effective five-dimensional treatment potentially modifies the large N scaling. We find
that the six-dimensional scaling behavior seems not to be modified through effects intrinsic to our
effective five-dimensional approach. This hints to the fact that the five-dimensional theory can
indeed be used to study properties of the (2, 0) theory even at the quantum level. We therefore
see the presented one-loop test as a first step towards extracting the conformal anomaly using our
five-dimensional action. The study of this anomaly has attracted much attention [43, 4, 5, 44–46].
It also seems to be related to the number of degrees of freedom of (2, 0) theories which have been
counted using various different methods [47–52].
The paper is organized as follows. Sections 2–4 contain our discussion of the N = 2 superconfor-
mal non-Abelian theory. In section 2 we present the spectrum of the theory including the extension
that allows to implement five-dimensional superconformal invariance in section 3. Section 4 dis-
cusses the N = 2 action with superconformal symmetry and in the gauge fixed supersymmetric
phase. Two special cases with N = 4 supersymmetry are presented. Section 5 contains the exten-
sion of the R-symmetry group and discusses the necessary group-theoretic foundations. Section 6
contains a test of the quantum properties of the proposed action. Finally, we end with a summary
of our results and a brief discussion of further directions. The main body of this paper is accom-
panied by several appendices. Our conventions and useful identifies are summarized in appendix
A, with index conventions relegated to appendix B. An Abelian (2, 0) pseudo-action for a set of
free tensor multiplets can be found in appendix C. The last appendix D discusses the realization
of Weyl scaling symmetry in an USp(4)R covariant framework.
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2 Supersymmetric spectrum and non-Abelian gauging
This section is devoted to the discussion of the supersymmetric spectrum of the five-dimensional
theories of non-Abelian tensors which will be constructed in the following sections. Our starting
point consists of a number of tensor multiplets of six-dimensional rigid (2, 0) superconformal sym-
metry. This spectrum is dimensionally reduced on a circle and the resulting N = 4 supermultiplets
are described. Moreover, a mechanism for a non-Abelian gauging of tensors is implemented. The
decomposition of the N = 4 spectrum into N = 2 multiplets and the discussion of conformal
invariance is relegated to section 3.
2.1 (2, 0) tensor multiplets on a circle and five-dimensional N = 4 spectrum
Let T I be a collection of (2, 0) tensor multiplets in six dimensions. The index I plays here the role
of a degeneracy index, but will be identified with an adjoint index of a non-Abelian gauge group
in subsection 2.3. Boldface symbols will be used throughout to denote six-dimensional quantities.
The field content of T I is given by
T
I = (BI
µν
,σI ij ,λI i) , (2.1)
where BI
µν
is a tensor (2-form), σI ij are scalars, λI i are spin-1/2 fermions. In our conventions, the
supersymmetry parameter is a left-handed Weyl spinor, the tensors have negative chirality, i.e. their
field strength HI = dBI obey the anti-self-duality constraint ∗HI = −HI , and the fermions λI i
are right-handed Weyl spinors. Indices i, j = 1, . . . 4 are indices of the 4 representation of USp(4)R,
the R-symmetry group of the (2, 0) supersymmetry algebra. The tensors BIµν are singlets of
USp(4)R, the fermions λ
I i transform in the 4 representation, while the scalars σI ij belong to the
5 representation, i.e. they are anti-symmetric and traceless
σI ij = −σI ji , ΩijσI ij = 0 . (2.2)
In the last equation Ωij is the primitive antisymmetric invariant of USp(4)R. We refer the reader
to Appendix A for our conventions. Tensor multiplets are pseudo-real, i.e. they satisfy
(T I)∗ = T I :

B¯Iµν ≡ (BIµν)∗ = BIµν ,
σ¯Iij ≡ (σI ij)∗ = ΩikΩjlσI kl ,
λ¯
I i ≡ (λIi )†γ0 = Ωij(λIj )TC .
(2.3)
The last line encodes the usual symplectic-Majorana condition. The quantities γ0,C are the
timelike gamma matrix and the charge conjugation matrix in six dimensions, respectively.
The (2, 0) Poincare´ superalgebra can be enlarged to the superconformal algebra OSp(8∗|4)
[53, 54]. This requires the introduction of new generators for dilatations, conformal boosts, special
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multiplet fields type comments USp(4)R rep Weyl weight
BI
µν
anti-self-dual tensor pseudo-real 1 0
T
I
massless tensor
multiplet
σI ij scalar pseudo-real 5 2
λI i right-handed spinor pseudo-real 4 5/2
Table 2.1: Field content of an on-shell tensor multiplet T of rigid (2, 0) superconformal symmetry
in six dimensions. The precise formulation of the reality properties of the fields is found in (2.3).
supersymmetry transformations, and R-symmetry transformations. The action of these generators
on physical fields can be found in [55, 56]. A more detailed discussion the rigid superconformal
theory will be given in sections 3 and 4.1 in the context of N = 2 supersymmetry in five dimensions.
In this section we just focus on the Weyl weights, which are the charges under dilatations. For the
fields in the tensor multiplets T I they are collected in Table 2.1.
A supersymmetric, two-derivative pseudoaction for a collection of non-interacting tensor mul-
tiplets T I can be found in Appendix C, along with the (2, 0) supersymmetry transformations. A
proper action is in general not known, since there is no obvious way to impose the anti-self-duality
constraint consistently with non-Abelian gauge invariance. In particular, there are no vectors in
the spectrum which could be used as gauge connections. Indeed, (2, 0) gauge theories of tensors
are conjectured to be a non-Abelian generalization of gerbes, with 2-form connections [58, 59, 19]
(see also [60]). Our strategy is to avoid these difficulties, by performing the gauging in the reduced
five-dimensional theory.
We compactify one spatial dimension on a circle using the standard Kaluza-Klein ansatz for the
metric,
gµνdx
µdxν = gµνdx
µdxν + r2(dy −A0µdxµ)2 . (2.4)
On the right hand side gµν is the five-dimensional metric, r is the radius of the circle, y ∼ y + 2π
is the compact coordinate along the circle, and A0µ is the Kaluza-Klein vector with Abelian field
strength F 0 = dA0. In the rigid limit, gµν is the flat Minkowski metric, r is constant and A
0
vanishes. Later on, we will promote these quantities to fields, however, since they will play a
crucial role in the superconformal theories of section 4.
Upon compactification on a circle, the scalars σI ij and the spinors λI i give rise to a Kaluza-
Klein tower of five-dimensional scalars σI ijn and spinors λI in , where n ∈ Z. More precisely we
write
σI ij = r−1
∑
n∈Z
einyσI ijn , λ
I i = r−1
∑
n∈Z
einyλI in ⊗ η , (2.5)
where η is a constant two-component spinor. Note that we have included a factor of r−1 in the
Kaluza-Klein ansatz, in order to have five-dimensional fields σI ij, λI i of canonical dimensions 1 and
3/2, respectively. These fields are also the natural variables compatible with the lower-dimensional
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supersymmetry. As far as the tensors are concerned, reduction of BI
µν
furnishes both a tower of
tensors BIn µν and of vectors A
I
n µ in five dimensions. We can write
BI =
∑
n∈Z
einy
[
BIn +A
I
n ∧ (dy −A0)
]
. (2.6)
As a consequence of the six-dimensional anti-self-duality constraint, BIn µν and A
I
n µ do not contain
independent degrees of freedom. On the one hand, the anti-self-duality constraint can be used to
eliminate the tensor zero modes BI0µν from the spectrum of the five-dimensional theory, keeping
the vector zero modes AIµ ≡ AI0µ only. On the other hand, excited modes BIn µν , AIn µ are related
by a Stu¨ckelberg-like symmetry in the invariant derivative F In = dA
I
n + inB
I
n [11, 12]. In this way
BIn µν can ‘eat’ A
I
n µ and become a massive tensor field in five dimensions. In conclusion, reduction
of BIµν yields a massless vector A
I
µ and a tower of complex massive tensors B
I
n µν . A purely bosonic
Lagrangian for AIµ, B
I
n µν coupled to the Kaluza-Klein vector A
0
µ has been discussed in [12] and
takes the form
Ltens = dIJ
[
− 14r−1F IµνF J µν − 18ǫµνλρσA0µ F Iνλ F Jρσ
]
(2.7)
+
∞∑
n=1
dIJ
[
− 12r−1F¯ In µνF J µνn + i4nǫµνλρσF¯ In µν DKKλ F Jn ρσ
]
.
On the right hand side we have introduced the Abelian field strength F I = dAI and we have used
the Stu¨ckelberg gauge-fixed expression for the tensors
F In µν = inB
I
nµν . (2.8)
It will be convenient to use this rescaled F In µν to represent the tensors in the remainder of this
work. Indices I, J are contracted with a constant metric dIJ . In section 2.3 it will be related to
group-theoretical invariants after the degeneracy index I is promoted to a gauge index. We have
also made use of the shorthand notation DKKµ Xn = ∂µXn+inA0µXn for generic Kaluza-Klein modes
Xn. More information about this covariant derivative will be given in section 2.2.
The main purpose of our work is to provide a supersymmetric non-Abelian generalization of
the action (2.7). As a first step, we discuss how five-dimensional fields are organized in N = 4
multiplets. TheR-symmetry group is again USp(4)R, and the transformation properties of the fields
under R-symmetry are unaffected by dimensional reduction. The vector zero mode AI combines
with the zero modes σI ij ≡ σI ij0 and λI i ≡ λI i0 into a single vector multiplet which we will denote
as
VI = (AIµ, σI ij, λI i) . (2.9)
Each massive tensor F In combines with the corresponding excited modes σ
I ij
n , λI in into a massive
tensor multiplet
T In = (F In µν , σI ijn , λI in ) , n ∈ Z∗ . (2.10)
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As a consequence of the reality conditions (2.3) in six dimensions, the vector multiplet is pseudo-
real,
(VI)∗ = VI :

A¯Iµ ≡ (AIµ)∗ = AIµ ,
σ¯Iij ≡ (σI ij)∗ = ΩikΩjlσI kl
λ¯I i ≡ (λIi )†γ0 = Ωij(λIj )TC ,
(2.11)
and the tensor multiplets satisfy
(T In )∗ = T I−n :

F¯ In µν ≡ (F In µν)∗ = F I−nµν ,
σ¯In ij ≡ (σIijn )∗ = ΩikΩjlσIkl−n ,
λ¯I in ≡ (λIn i)†γ0 = Ωij(λI−n j)TC .
(2.12)
We can thus restrict our attention to positive n only, to avoid a redundant description of the same
degrees of freedom. Note that now γ0, C refer to spinors in five dimensions. Our conventions
about five-dimensional spinors are collected in Appendix A along with some useful identities. It is
interesting to contrast the reality condition for spinors on zero modes and on excited modes: the
former is the usual symplectic-Majorana condition, but the latter relates two different symplectic
multiplets, λin and λ
i−n, and imposes no constraint on either of them separately. In this respect λin
is referred to as ‘complex’. As discussed in Appendix A, every complex symplectic spinor as λI in is
equivalent to a doublet of symplectic-Majorana spinors.
Since there is no known extension of the five-dimensional N = 4 Poincare´ superalgebra to a
superconformal algebra [53, 54], there is no well-defined notion of Weyl weight for N = 4 super-
multiplets. Six-dimensional superconformal (2, 0) symmetry, however, implies a (classical) scaling
symmetry of the five-dimensional N = 4 theory. From the metric ansatz (2.4) we infer that the
compactification radius r has scaling weight −1, as will be further discussed in section 3.2. The
scaling weights of all fields in vector and tensor multiplets can be extracted by comparing the six-
dimensional Weyl weights listed in Table 2.1 with the Kaluza-Klein ansa¨tze (2.5), (2.6). They are
found in Table 2.2, together with a summary of USp(4)R representations.
2.2 Mass scale and Kaluza-Klein gauging
Let us analyze in more detail the role played by the compactification radius r and the Kaluza-Klein
vector A0. The (2, 0) theory we started from has no mass scale.2 In contrast, the dimensionally
reduced theory has a mass scale set by the inverse of the compactification radius r. In particular,
the nth excited modes Fnµν , σ
ij
n , λin have masses proportional to
mn = nr
−1 , (2.13)
as can be seen by comparing the mass and kinetic terms for the respective fields as given below.
In order to infer this, we recall that Bnµν is related with Fnµν by the rescaling (2.8). It is worth
2This holds in the rigid limit κ→ 0, where κ is the six-dimensional gravitational constant with [κ] = −2.
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multiplet fields type comments USp(4)R rep Scaling weight
AIµ ≡ AI0 µ vector pseudo-real 1 0VI
massless vector
multiplet
σI ij ≡ σI ij0 scalar pseudo-real 5 1
λI i ≡ λI i0 spinor pseudo-real 4 3/2
F In µν tensor complex 1 0T In
massive tensor
multiplet
σI ijn scalar complex 5 1
λI in spinor complex 4 3/2
Table 2.2: Field content of N = 4 vector multiplets VI and tensor multiplets T In in five dimensions.
The precise formulation of the pseudo-reality properties of the fields in VI is found in (2.11). The
last column collects the weights with respect to the five-dimensional scaling symmetry inherited
from full six-dimensional conformal invariance.
recalling the role of r in the conjectured equivalence between (2, 0) theories and five-dimensional
super-Yang-Mills theories [13, 29]. Even if a complete formulation of (2, 0) theories in the non-
Abelian case is not available, upon compactification on a circle they have to yield super-Yang-
Mills in the massless sector, corresponding to the multiplets VI in our notation. The Yang-Mills
coupling constant in five dimensions has mass dimension [g] = −1/2, and is identified with the
compactification radius,
g2 = r , (2.14)
consistently with the fact that (2, 0) theories have no tunable parameter and compactification is
the only source of a mass scale.
The Kaluza-Klein field can be interpreted as a five-dimensional gauge connection which is needed
when a global U(1) symmetry is promoted to a local symmetry. This U(1) symmetry will be denoted
U(1)KK. Since it will play a key role in our formulation of the non-Abelian five-dimensional action,
let us discuss this symmetry in more detail and introduce some useful notation. U(1)KK originates
from constant shifts of the compact coordinate y′ = y −Λ. These can be undone by redefining the
nth Kaluza-Klein mode of a field X as X ′n = einΛXn, as can be seen from (2.6), Thus, the nth
Kaluza-Klein mode of any field has electric charge n under U(1)KK. The associated infinitesimal
transformation reads
δKK(λ)Xn = inλXn . (2.15)
If we demand
δKK(λ)A
0
µ = −∂µλ , (2.16)
we can gauge U(1)KK by introducing the covariant derivative
DKKµ Xn = ∂µXn + inA0µXn . (2.17)
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From a six-dimensional perspective, A0 is identified with fluctuations of the off-diagonal components
of the metric, as can be seen from (2.4). Its gauge transformation (2.16) is just a special case of a
six-dimensional diffeomorphism along the circle, and the minimal coupling to Xn (2.17) is required
by six-dimensional covariance.
In section 4 it will prove useful to rewrite the U(1)KK gauging in terms of real fields. To this
end, we exploit the isomorphism U(1)KK ∼= SO(2)KK and for any complex field Xn of charge n we
introduce the SO(2)KK doublet X
α
n , α = 1, 2 via
Xn =
1√
2
(
Xα=1n + iX
α=2
n
)
. (2.18)
Since the action of U(1)KK on Xn is given by X
′
n = e
inΛXn, the corresponding action of SO(2)KK
on Xαn reads
X ′αn =M
α
βX
β
n , M
α
β =
(
cosnΛ − sinnΛ
sinnΛ cosnΛ
)
= δαγ
(
δγβ − nΛǫγβ +O(Λ2)
)
. (2.19)
The Kaluza-Klein covariant derivative of the doublet Xαn is therefore
DKKµ Xαn = ∂µXαn + nǫβγδγα A0µXβn , (2.20)
where we have chosen the representation
ǫαβ =
(
0 1
−1 0
)
(2.21)
for the antisymmetric invariant of SO(2)KK. In the last equations we have implicitly assumed that
Xn is a boson. As explained in Appendix A, the same formalism can be applied to symplectic
spinors.
As a first application we present the reformulation of the bosonic action (2.7) with SO(2)KK
doublets instead of complex fields. Inserting (2.18) for the tensors F In into (2.7) we find
Ltens = dIJ
[
− 14r−1F IµνF J µν − 18ǫµνλρσA0µ F Iνλ F Jρσ
]
(2.22)
+
∞∑
n=1
dIJ
[
− 14r−1δαβF IαnµνF Jβ µνn − 18nǫαβǫµνλρσF Iαnµν DKKλ F Jβn ρσ
]
,
where we have used the identities (A.18). These terms together with the Kaluza-Klein gauging,
and the non-Abelian gaugings that we introduce next, turn out to be sufficient to determine the
key characteristic data of the complete supersymmetric theory discussed in section 4.
2.3 Non-Abelian gauge transformation and covariant derivative
In our discussion of the five-dimensional spectrum zero modes and excited modes are treated on a
very different footing, at the expense of manifest six-dimensional Lorentz symmetry. However, this
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enables us to implement a non-Abelian gauging, since we can use massless vectors in five dimensions
as gauge connections, and treat all other fields as charged matter. This implementation is the only
straightforward gauging compatible with the Kaluza-Klein charges under the assumption that the
gauge parameter is neutral under U(1)KK. The same strategy has been proposed in the literature
in a similar context, see e.g. [14, 19]. Identifying a possible six-dimensional interpretation for this
non-democratic gauging is a non-trivial task and is left for future research.
To define a non-Abelian gauging we first identify the degeneracy index I with the adjoint index
of some non-Abelian group G. More precisely, we let I enumerate the elements tI of a basis of anti-
Hermitean generators of the associated Lie algebra, so that I = 1, . . . |G| ≡ dim(G). We introduce
the structure constants and the Cartan-Killing metric by
[tI , tJ ] = −f KIJ tK , dIJ = Tr(tItJ) . (2.23)
Both f KIJ and dIJ are real. We assume dIJ is non-singular and positive definite, and we use it
together with its inverse dIJ to raise and lower adjoint indices. For example, fIJK = dILfJK
L.
Furthermore, we take fIJK to be completely antisymmetric. The groups under consideration are
taken to be of A-D-E type.
In order to realize a non-Abelian gauging of the spectrum (2.9), (2.10), we interpret AI as a
gauge connection, while all other fields will be seen as adjoint matter. More precisely, we postulate
the following infinitesimal transformation rules under the action of the non-Abelian gauge group
G,
δG(α)A
I
µ = ∂µα
I + f IJK A
J
µα
K , δG(α)X
I = −f IJK αJXK , (2.24)
where α is the scalar gauge parameter and XI is any field among σI ij, λI i, σI ijn , λI in , F
I
n µν (n > 0).
Recalling (2.17), we see that the full G× U(1)KK covariant derivative of any adjoint field XIn with
Kaluza-Klein charge n is given by 3
DµXIn = ∂µXIn + inA0µXIn + f IJK AJµXKn . (2.25)
We note here that DµXIn has the same charge under U(1)KK as XIn itself. The non-Abelian field-
strength of AI reads
F Iµν = 2∂[µA
I
ν] + f
I
JK A
J
µA
K
ν , (2.26)
transforms in the adjoint representation, satisfies the Bianchi identity D[µF Iνρ] = 0, and enters the
commutator of covariant derivatives as specified by
[Dµ,Dν ]XIn = inF 0µνXIn + f IJK F JµνXKn . (2.27)
The algebra of gauge transformations closes on all fields, according to
[δG(α1), δG(α2)] = δG(α3) , α
I
3 = f
I
JK α
J
1α
K
2 . (2.28)
3 Since we work in flat space, we do not have to introduce a spacetime connection and covariant derivative.
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3 Spectrum in terms of N = 2 superconformal multiplets
Since non-Abelian gaugings of tensor multiplets are not consistent with standard N = 4 actions
determined in [31–34], we first consider an N = 2 formulation. Upon reduction, we get N = 2
vector, tensor and hypermultiplets, and we can exploit the N = 2 rigid superconformal formalism
of refs. [20, 21].
3.1 Splitting of N = 4 multiplets
To rewrite the N = 4 spectrum in terms of N = 2 supermultiplets, we consider the splitting of the
original R-symmetry group USp(4)R according to
USp(4)R → SU(2)R × SU(2) , (3.1)
where the first factor is the R-symmetry group of the N = 2 algebra, and the second factor is an
extra global symmetry of the theory. We use indices a, b = 1, 2 for the 2 representation of SU(2)R,
while indices a˙, b˙ = 1, 2 refer to the 2 representation of SU(2). Under (3.1) the branching rules for
the relevant representations of USp(4)R read
5 → (1,1) + (2,2) , 4 → (2,1) + (1,2) , (3.2)
σI ijn → φIn , qI ab˙n , λI in → χI an , ζI b˙n ,
where the entries in the brackets correspond to the two SU(2)’s, and we have introduced the
bosonic fields φIn, q
I ab˙
n , and the fermionic fields χ
I a
n , ζ
I b˙
n which will be discussed in more detail in
the following.
Let us summarize the complete multiplets of rigid N = 2 supersymmetry originating from the
N = 4 spectrum of section 2.1. Firstly, we find the vector multiplets
V̂I = (AIµ, φI , χI a, Y Iab) ≡ (AI0 µ, φI0, χI a0 , Y I0 ab) . (3.3)
The vector AIµ is still identified with the gauge connection. The real scalar φ
I is a singlet (1,1)
under SU(2)R×SU(2) and originates from σI ij . The spinor χI a belongs to the (2,1) representation
and comes from the decomposition of λI i. The scalars Y Iab = Y
I
ba are auxiliary fields of the N = 2
superconformal formalism and transform in the (3,1) representation. They would arise from the
decomposition of auxiliary fields in the (linearized) off-shell N = 4 vector multiplet (see e.g. [61])
that transform in higher irreducible representations of USp (4)R. The multiplets V̂I are pseudo-real,
(V̂I)∗ = V̂I :

A¯Iµ ≡ (AIµ)∗ = AIµ ,
φ¯I ≡ (φI)∗ = φI ,
χ¯I a ≡ (χIa)†γ0 = ǫab(χIb)TC ,
Y¯ I ab ≡ (Y Iab)∗ = ǫacǫbdY Icd ,
(3.4)
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where ǫab is the primitive antisymmetric invariant of SU(2)R.
Secondly, in a completely analogous fashion we have the tensor multiplets
T̂ In = (F In µν , φIn, χI an , Y In ab) , n > 0 , (3.5)
with the scalars φIn in the (1,1) representation, the spinors χ
I a in the (2,1) representation, and the
auxiliary fields Y In ab in the (3,1) representation. In contrast to their counterparts in V̂I , all fields
in T̂n are complex and will become massive after breaking of conformal invariance, as discussed in
more detail below.
Finally, we find the hypermultiplets
ĤI0 ≡ ĤI = (qI ab˙, ζI b˙) ≡ (qI ab˙0 , ζI b˙0 ) , ĤIn = (qI ab˙n , ζI b˙n ) , n > 0 . (3.6)
They consist of scalars qI ab˙n that are the (2,2) component of σ
I ij
n under the branching (3.2), and of
spinors ζI b˙n that belong to the (1,2) branch in the reduction of λ
I i
n . For n > 0 the hypermultiplet
is complex and massive (in the broken phase of conformal symmetry). For n = 0 it is massless and
pseudo-real,
(ĤI)∗ = ĤI :
{
q¯Iaa˙ ≡ (qI aa˙)∗ = ǫabǫa˙b˙qI bb˙ ,
ζ¯I a˙ ≡ (ζIa˙)†γ0 = ǫa˙b˙ζI Tb˙ C ,
(3.7)
where we have made use of the primitive antisymmetric invariants ǫab, ǫa˙b˙ of SU(2)R and SU(2).
The Weyl weights of all the fields introduced in this section are collected in Table 3.1, along with
a summary of SU(2)R × SU(2) representations. The matching of the Weyl weights of N = 4 fields
and N = 2 fields will be discussed in the next subsection.
3.2 Restoration of five-dimensional conformal symmetry
It is important to clarify the role of conformal symmetry in our discussion. Our goal is a five-
dimensional action that is able to capture some crucial ingredients of a non-Abelian (2, 0) model.
This six-dimensional theory is invariant under rigid conformal transformations [55, 56], i.e. trans-
formations that leave the six-dimensional line-element invariant up to a factor. We refrain from a
complete account on the transformation properties of the six-dimensional fields. In our discussion
we restrict our attention mostly to the Weyl weights of the fields as listed in Table 2.1.
If we compactify the six-dimensional theory on a circle using (2.4), we expect some generators
of the six-dimensional conformal symmetry to be spontaneously broken. The remaining generators
are those which act only on the five-dimensional line element. In particular, the Weyl invariance
discussed above will be broken, unless we also allow for a rescaling of the compactification radius,
i.e. unless we would consider transformations of the form
gµνdx
µdxν = ds2 7→ Ω−2ds2 , r 7→ Ω−1r . (3.8)
12
multiplet fields type comments SU(2)R × SU(2) rep Weyl weight
V̂I
massless vector
multiplet
AIµ ≡ AI0µ vector pseudo-real (1,1) 0
φI ≡ φI0 scalar pseudo-real (1,1) 1
χI a ≡ χI a0 spinor pseudo-real (2,1) 3/2
Y Iab ≡ Y I0 ab scalar auxiliary (3,1) 2
ĤI ≡ ĤI0
massless hyperm.
qI ab˙ ≡ qI ab˙0 scalar pseudo-real (2,2) 3/2
ζI a˙ ≡ ζI a˙0 spinor pseudo-real (1,2) 2
T̂ In
massive tensor
multiplet
F In µν tensor complex (1,1) 0
φIn scalar complex (1,1) 1
χI an spinor complex (2,1) 3/2
Y In ab scalar auxiliary (3,1) 2
ĤIn
massive hyperm.
qI ab˙n scalar complex (2,2) 3/2
ζI a˙n spinor complex (1,2) 2
V̂0
massless vector
multiplet
A0µ vector pseudo-real (1,1) 0
φ0 scalar pseudo-real (1,1) 1
χ0 a spinor pseudo-real (2,1) 3/2
Y 0ab scalar auxiliary (3,1) 2
Table 3.1: Field content of N = 2 vector multiplet V̂ , tensor multiplets T̂n and hypermultiplets
Ĥ, Ĥn in five dimensions. The additional multiplet V̂0 is included. The precise formulation of
the pseudo-reality properties of the fields in V̂I , ĤI is found in (3.4) and (3.7), respectively. The
specification ‘massless’ or ‘massive’ applies to the broken phase of conformal symmetry.
13
Another way to see that Weyl invariance is compromised in the dimensionally reduced theory is
to notice that the multiplets T̂n, Ĥn have become massive with masses mn given in (2.13). Since
Weyl invariance is incompatible with massive fields, the Kaluza-Klein masses mn break conformal
invariance explicitly. This can be remedied by allowing them to transform as mn 7→ Ω mn as can
be inferred from (3.8).
Note that the N = 2 Poincare´ supersymmetry algebra does admit a superconformal extension,
given by the exceptional superalgebra F 2(4) [53, 54]. This is in contrast with the N = 4 case
considered before. In practice, five-dimensional rigid superconformal invariance is restored by
introducing additional five-dimensional degrees of freedom. Indeed, we can promote the radius r
to the scalar component of a full N = 2 vector multiplet
V̂0 = (A0µ, φ0, χ0 a, Y 0ab) , (3.9)
where A0µ can be identified with the Kaluza-Klein vector introduced in (2.4). We can combine this
vector multiplet with the physical vector multiplets introduced in the last section and denote them
collectively as
V̂ Î = (V̂0, V̂I) , Î = 0, 1 . . . , |G| . (3.10)
Using the multiplet V̂0 we can make the N = 4 to N = 2 split of the spectrum more explicit.
We follow the split (3.2) and we match the scaling weights of Table 2.2 with the Weyl weights of
Table 3.1 to infer that the proper map from N = 4 to N = 2 multiplets is of the form
σI ijn 7→
(
1√
2
ǫab φIn (φ
0)−1/2qI ab˙n
−(φ0)−1/2qI ba˙n − 1√2ǫa˙b˙ φIn
)
, λI in 7→
(
χI an√
2(φ0)−1/2ζI a˙n
)
, n ≥ 0 . (3.11)
Prefactors are chosen for later convenience. Note that the split (3.1) is not unique. The different
allowed decompositions of the indices i into a, b˙ will play a crucial role in section 5.
In the action of section 4.1 the additional multiplet V̂0 will couple to all other multiplets making
the action superconformally invariant. To give a direct link with the Kaluza-Klein reduction it
will be convenient to return to the broken phase of the superconformal symmetry by setting the
additional fields to a fixed value. This requires to set
〈φ0〉 = 1
r
=
1
g2
, 〈χ0 a〉 = 〈Y 0ab〉 = 〈A0µ〉 = 0 , (3.12)
where g is the gauge coupling of the five-dimensional Yang-Mills theory. It is important to stress
that imposing the condition (3.12) corresponds to a restriction of the theory. Indeed not all values
of χ0 a, Y 0ab and A
0
µ can be mapped by a superconformal transformation to zero. Nevertheless we
will show below that a Poincare´ supersymmetric theory arises after imposing (3.12). Moreover,
the Weyl rescaling (3.8) of r, as dictated by the six-dimensional conformal symmetry, is precisely
compatible with the Weyl weight of φ0 in the identification (3.12). In fact, we will show that the
five-dimensional action still retains a scaling symmetry if the radius is rescaled as in (3.8).
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In the broken phase of conformal symmetry determined by (3.12) the hypermultiplets fields
qI ab˙n , ζ
I a˙
n are not convenient variables, since their mass dimensions are not canonical. As a conse-
quence, we define the rescaled fields
hI ab˙n = g q
I ab˙
n , ψ
I a˙
n = g ζ
I da
n , n ≥ 0 , (3.13)
in such a way that all scalars have mass dimension and scaling weight 1, and all fermions have mass
dimension and scaling weight 3/2.
4 Supersymmetric actions and conformal invariance
In this section we introduce a five-dimensional non-Abelian N = 2 supersymmetric action for
the Kaluza-Klein spectrum obtained in section 3. Our theory will include couplings which are
only specified in terms of group theoretical constants and the Kaluza-Klein levels. An N = 2
superconformal action is presented in section 4.1, while the Kaluza-Klein sums are made explicit
in a restricted action in section 4.2. We propose to interpret this theory as an N = 2 subsector of
a dimensionally reduced (2, 0) theory.
4.1 An N = 2 superconformal action for the Kaluza-Klein spectrum
In the following we introduce an N = 2 superconformal action for the spectrum discussed in section
3. Superconformal invariance is retained since we will include the additional vector multiplet V̂0,
defined in (3.9), containing the radius and the Kaluza-Klein vector. It will be necessary to introduce
some additional notation in order to make contact with the general N = 2 superconformal actions
introduced in [21]. The fields identified with the Kaluza-Klein zero modes are denoted as in Table
3.1:
vector multiplets: (A0µ, φ
0, χ0 a), (AIµ, φ
I , χI a) hypermultiplets: (qIab˙, ζIb˙) . (4.1)
For the fields identified with excited Kaluza-Klein modes it will be convenient to use the notation
(2.18) for complex fields introducing the SO(2)KK index α. This leads us to the following excited
spectrum:
tensor multiplets:
(
F {Iαn}µν , φ
{Iαn}, χ{Iαn}a
) ≡ (F Iαnµν , φIαn , χIα an )
hypermultiplets:
(
q{Iαn}ab˙, ζ{Iαn}b˙
) ≡ (qIαab˙n , ζJα b˙n ) . (4.2)
The main complication in the notation arises from the multi-index {Iαn} which labels simulta-
neously the non-Abelian components I, J = 1, . . . , |G|, the SO(2)KK labels α, β = 1, 2, and the
Kaluza-Klein levels n,m ≥ 1. To avoid cluttering of indices in the following expressions we will
denote this multi-index by
M = {Iαn} , N = {Jβm} . (4.3)
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A summation over M,N then always amounts to summing over all indices including the infinite
tower of Kaluza-Klein modes. We will present the superconformal action as function of the four
types of multiplets in (4.1) and (4.2). To do that in an efficient way it is useful to introduce the
following index combinations
Î ≡ (0, I) Λ ≡ (0, I,M) , I = (I,M) (4.4)
This means that Î , Ĵ , ... label all vector multiplets and run over |G| + 1 values, Λ,Σ, ... run over
all tensor and vector multiplets including the Kaluza-Klein tower. The indices I,J , ... label all
hypermultiplets, or vectors and tensor multiplets without V0. Finally, we also define
FΛµν ≡ (F Îµν , FMµν ) ≡ (F Îµν , nǫβγδγαBIβn µν) . (4.5)
where we have recalled the definition of FMµν = F
Iα
nµν as given in (2.8). It is crucial to stress that the
Kaluza-Klein interpretation dictates this non-trivial identification of FMµν with B
Iα
nµν . The important
point is that while the FMµν admit a rescaling with the Kaluza-Klein level compared to B
Iα
nµν , the
scalars and fermions in the same multiplet are trivially matched with the N = 2 formalism of [21].4
The non-trivial rescaling of BIαnµν turns out to be consistent with the dimensional reduction of the
supersymmetry variations as can be checked for the Abelian six-dimensional theory recorded in
Appendix C.
We are now in the position to discuss the Lagrangian in detail. The vector-tensor sector of an
N = 2 superconformal theory can be specified by introducing a constant symmetric object CΛΣΘ, a
constant anti-symmetric matrix ΩMN , and the gauge parameters tK̂Λ
Σ [21]. The gauge parameters
appear in the covariant derivatives
DµφΣ = ∂µφΣ + tK̂ΛΣ AK̂µ φΛ ,
DµχaΣ = ∂µχaΣ + tK̂ΛΣ AK̂µ χaΛ,
DµFNνρ = ∂µFNνρ + tK̂MN AK̂µ FMνρ . (4.6)
Note that strictly speaking only C
ÎĴK̂
encodes extra information in addition to ΩMN , tK̂Λ
Σ. This
is due to the fact that CMΛΣ are given by
CMΛΣ = t(ΛΣ)
NΩNM , (4.7)
where one symmetrizes in the indices Λ,Σ including the usual factor 1/2. Here we have extended
the range of indices on generators tΛΣ
Θ with the constraints
t(ΛΣ)
Î = 0 , tMΣ
Θ = 0 , (4.8)
implying the absence of gaugings with a tensor index M .
4This implies that compared to [21] one has to adjust the notation, since there FMµν and B
M
µν are trivially identified.
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Since we will later propose to use the N = 2 superconformal theory to describe the dimensional
reduced (2, 0) action we aim to use only couplings which are of group theoretic origin. We like to
identify a subsector of the theory as N = 4 super-Yang-Mills theory. This implies that components
of CÎ Ĵ L̂ have to encode the trace dIJ = C0IJ . The coupling C000 = kc will determine the kinetic
term of the auxiliary vector multiplet V̂0, and will be left undetermined at the moment. We choose
C00I = 0. More interesting are the couplings of the tensor multiplets. Here we are guided by
(4.7). To determine the gaugings we first note that the fields in V̂0 cannot be gauged, such that
t
Î 0
Λ = t
ÎΛ
0 = 0. Comparing the gaugings (2.20), (2.25) with (4.6), we consider the following
identification:
tKIJ =
(
tKI
J 0
0 tKM
N
)
=
(
tKI
J 0
0 tK{Iαn}{Jβm}
)
=
(
fKI
J 0
0 fKI
Jδβαδmn
)
, (4.9)
and
t0IJ =
(
0 0
0 t0M
N
)
=
(
0 0
0 t0{Iαn}{Jβm}
)
=
(
0 0
0 n δJI ǫαγδ
γβδmn
)
, (4.10)
where SO(2)KK indices have been raised and lowered using δαβ . Here tKI
J , tIM
N parametrize the
non-Abelian gaugings with the vector zero modes and are thus given by the structure constants
of G. The matrix t0IJ encodes the gauging of the massive tensor multiplets with A0, which is
interpreted as charge under the Kaluza-Klein vector. In addition the anti-symmetric matrix ΩMN
can be read off from the Chern-Simons type kinetic terms of the tensors FM in (2.22), and is given
by
ΩMN = Ω{Iαn}{Jβm} = −
2
n
dIJǫαβδnm , (4.11)
where n,m ≥ 1 as in the range of the multi-indices (4.3). As we can see, U(1)KK ∼ SO(2)KK
plays a key role in the construction of this object. While the trace dIJ is symmetric, one can use
the indices α, β and the anti-symmetric ǫαβ, corresponding to the complex number i, to introduce
ΩMN . Using (4.7) this will also allow us to introduce the symmetric tensor CMΛΣ in terms of
the anti-symmetric structure constants fIJK = dILf
L
JK . To display the result, we introduce the
matrix
CIJ =
(
CIJ 0
0 CMN
)
=
(
CIJ 0
0 C{Iαn}{Jβm}
)
=
(
dIJ 0
0 dIJδαβδnm
)
. (4.12)
In summary, taking into account the total symmetry in all three indices, all components of CΛΣΘ
are determined by
C0IJ = CIJ , C000 = kc , CMNK = C{Iαn}{Jβm}K = −
1
n
fIJK ǫαβδnm ,
C00I = CIJK = CMNP = 0 . (4.13)
In evaluating these expressions we have used that ǫαγδ
γδǫδβ = −δαβ .
Let us now include the hypermultiplets into the discussion. In a general N = 2 superconformal
theory the hypermultiplets span a hypercomplex manifold. We choose the geometry of the hyper-
complex manifold appearing in the reduction to be locally flat space. Since the dimension of this
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manifold is related to the dimension of the gauge group G, it posses sufficiently many isometries to
implement a gauging compatible with (4.6). In coordinates qaa˙I the metric is given by CIJ ǫabǫa˙b˙,
with CIJ as defined in (4.12).5 The kinetic term of the fermionic partners ζ a˙I is simply given by
CIJ ǫa˙b˙. The gauging of the hyperscalars and fermions is
Dµqab˙J = ∂µqab˙J + tK̂IJ AK̂µ qab˙I , Dµζ a˙J = ∂µζ a˙J + tK̂IJ AK̂µ ζ a˙I , (4.14)
with constant tK̂I
J given in (4.9) and (4.10).6
Using these definitions we can now display the complete non-Abelian N = 2 superconformal
Lagrangian
L = φΘCΘΛΣ
(
−14FΛµνFΣµν − 12 χ¯Λ a /DχΣa − 12DµφΛDµφΣ + Y ΛabY Σ ab
)
+ 116ǫ
µνλρσΩMNF
M
µνDλFNρσ − 124ǫµνλρσCÎĴK̂AÎµF ĴνλF K̂ρσ
− i8CΛΣΘ
(
χ¯Λ aγµνFΣµνχ
Θ
a + 4χ¯
Λ aχbΣY Θab
)
+ i4 φ
ΘCΘΛΣ
(
t[ΥΩ]
Λχ¯ΥaχΩa φ
Σ − 4t(ΥΩ)Λχ¯ΥaχΣa φΩ
)
− 12φK̂CK̂MN tÎPM tĴQNφÎφĴφPφQ
+ CIJ
(
− 12DµqI ab˙DµqJab˙ − ζ¯
I b˙ /DζJ
b˙
)
+ CIJ
(
2it
K̂L
IqL ab˙χ¯K̂a ζ
J
b˙
+ iφK̂t
K̂L
I ζ¯J a˙ζLa˙
)
+ CIJ
(
tK̂L
J qL ac˙ qI bc˙Y K̂ab − 12tÎKItĴLJφÎφĴqKab˙qLab˙
)
. (4.15)
This Lagrangian transforms with weight 5 under Weyl rescalings of the fields with weights listed
in Table 3.1. Since the line element has Weyl weight −2 as in (3.8) this implies invariance of the
five-dimensional action. Furthermore, the Lagrangian (4.15) is invariant under the supersymmetry
transformations parametrized by ǫa and the special supersymmetry transformations parametrized
5The three complex structures on this hypercomplex manifold are encoded in the SU(2) triplet Jcc˙Idd˙J (ab), where
Jcc˙Idd˙J
a
b = δ
I
J δ
c˙
d˙
(2δadδ
c
b − δ
c
dδ
a
b ).
6The moment maps generating these gaugings are given by PK̂ab =
1
2
CIJ tK̂L
J ǫc(a q
I
b)c˙ q
cc˙L.
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by ηa given by
7
δφΛ = i2 ǫ¯
aχΛa ,
δAÎµ =
1
2 ǫ¯
aγµχ
Î
a ,
δFΛµν = −ǫ¯aγ[µDν]χΛa + it(ΣΘ)ΛφΣ ǫ¯aγµνχΘa + iη¯aγµνχΛa ,
δχΛ a = −14γµνFΛµνǫa − i2 /DφΛǫa − Y Λ abǫb + 12 t(ΣΘ)ΛφΣφΘǫa + φΛηa ,
δY Λ ab = −12 ǫ¯(a| /DχΛ|b) − i2
(
t[ΣΘ]
Λ − 3t(ΣΘ)Λ
)
φΣ ǫ¯(a|χΘ|b) + i2 η¯
(aχΛ|b) ,
δqI ab˙ = −iǫ¯aζI b˙ ,
δζI b˙ = i2 /DqI ab˙ǫa − 12φK̂tK̂J IqJ ab˙ǫa − 32qI ab˙ηa . (4.16)
These transformation rules are consistent with Weyl rescalings of Table 3.1, if one assigns Weyl
weight −1/2 to the parameter ǫa, and the weight +1/2 to ηa. Note that the gamma-matrices with
lower indices γµ1...µk scale with weight −k.
This completes the specification of the five-dimensional superconformal action in terms of the
group theory invariants dIJ , fIJK , and the tensors δαβ , ǫαβ for complex fields parameterizing the
full Kaluza-Klein tower. The crucial insight is that it is possible to combine the symmetric dIJ
and the anti-symmetric ǫαβ to define the anti-symmetric ΩMN as in (4.11) for the massive Kaluza-
Klein modes which naturally are complex fields. This also permits us to combine the totally
anti-symmetric fIJK and the anti-symmetric ǫαβ to define components of the totally symmetric
CΛΣΘ. This implies that the non-Abelian version of the Kaluza-Klein theory fits naturally in the
framework of N = 2 supersymmetry. Furthermore, superconformal invariance can be implemented
by introducing the vector multiplet V̂0 defined in (3.9).
To close this section let us comment on the role of the additional multiplet V̂0 in more detail.
We have found that its kinetic term is determined by the constant kc. Identifying φ
0 with the
radius r as in (3.12), one can derive the kinetic term of r after dimensional reduction of a six-
dimensional gravity theory. This is complicated by the fact that the proper supersymmetric fields
in five dimensions involve rescalings with r as described in detail in [12]. However, the choice
kc = 0 (4.17)
is natural from the point of view ofN = 4 supersymmetry, since a Chern-Simons term kcA0∧F 0∧F 0
is absent in this case. Moreover, kc = 0 is consistent with non-dynamical gravity in six dimensions.
In the following discussion we work in the phase with (3.12) implying that kc drops from the action.
7 The expression for δFΛµν with Λ = Î is not independent from the expression for δA
Î
µ. To check their compatibility,
note that the second term in δF Îµν vanishes thanks to t(ΛΣ)
Î = 0. In order to get the third term in δF Îµν , one has to
promote δAÎµ to its full x-dependent form before taking the covariant derivative. As explained in [21], this is done by
means of the prescription ǫa 7→ ǫa + ixργρη
a. The covariant derivative can thus act on an x-linear term in δAÎµ and
produce the η-term in δF Îµν .
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4.2 Supersymmetric Kaluza-Klein Lagrangian in the broken phase
We are now in the position to present the N = 2 action including all Kaluza-Klein levels. This
amounts to restoring the Kaluza-Klein indices for the fields and summing up an infinite tower of
multiplets (BIαnµν , φ
Iα
n , χ
Iα a
n ) and (q
Iα ab˙
n , ζ
Iα b˙
n ) in (4.15). The resulting action is straightforwardly
obtained but rather lengthy due to the fact that both CΛΣΘ and ΩMN appear in copies labeled by
Kaluza-Klein indices. The result simplifies, however, if we set V̂0 to the values (3.12), thus moving
to the broken phase of conformal invariance. Discussing the resulting action will be the task of this
section.
As discussed already in section 3, the Abelian vector multiplet V̂0 plays a special role in the
N = 2 spectrum. In a Kaluza-Klein theory V̂0 has to be interpreted as part of the gravity multiplet
with A0 being the graviphoton under which all excited Kaluza-Klein modes are charged. We
decouple gravity completely by imposing the condition (3.12). As we will argue below, ordinary
N = 2 supersymmetry is preserved despite the breaking of superconformal invariance. Furthermore,
we make use of the rescaled hypermultiplet fields hI ab˙n , ψ
I a˙
n defined in (3.13).
The resulting Lagrangian including all Kaluza-Klein modes listed in Table 3.1 takes the form
L = L0 +
∞∑
n=1
ReLn , (4.18)
where L0 only involves massless multiplets, while Ln collects all terms constructed with the nth
excited modes. We discuss L0 and Ln in turn.
To begin with, let us display the zero mode Lagrangian
g2L0 = dIJ
[
− 14F I µνF Jµν − 12DµφIDµφJ − 12DµhI ab˙DµhJab˙ − 12 χ¯I a /DχJa − ψ¯I a˙ /DψJa˙ + Y I abY Jab
]
+ fIJK
[
+ i2φ
I χ¯J aχKa − iφI ψ¯J a˙ψKa˙ − 2ihI ab˙χ¯JaψKb˙ + hI ac˙hJ bc˙Y Kab
]
− 12fIJHfHKLφIφKhJ ab˙hLab˙ . (4.19)
We recognize that the terms contracted with the trace dIJ are the kinetic terms of the massless
vectors, scalars and fermions, as well as the quadratic term for the auxiliary field. The terms
involving the structure constants fIJK are Yukawa-type couplings and a scalar potential quartic
in the fields φI , hI ab˙. We stress that for the massless fields such quartic coupling are only possible
if they also include scalars hI ab˙ due to the asymmetry of fIJK . In section 4.3 we will discuss the
properties of (4.19) in more detail and relate it to N = 4 supersymmetric Yang-Mills theory.
Let us now turn to the discussion of the Lagrangians Ln in (4.18) for the Kaluza-Klein tower.
We insert (4.9)-(4.13) into the action (4.15), impose the condition (3.12), and extract the terms for
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the Kaluza-Klein level n to find
g2Ln = dIJ
[
− 1
2
F¯ I µνn F
J
nµν +
i
4mn
ǫµνρλσF¯ In µνDρF Jnλσ
−Dµφ¯InDµφJn −Dµh¯I ab˙n DµhJn ab˙ − χ¯I an /DχJn a − 2ψ¯I a˙n /DψJn a˙
−m2nφ¯InφJn −m2nh¯I ab˙n hJn ab˙ −mnχ¯I an χJn a − 2mnψ¯I a˙n ψJn a˙ + 2Y¯ I abn Y Jnab
]
+
1
mn
fIJK
[
− i
2
φKF¯ I µνn F
J
n µν + iφ¯
K
n F
I µνF Jnµν − iφKDµφ¯InDµφJn + 2iφ¯Kn DµφIDµφJn
− iφK χ¯I an /DχJn a + 2iφ¯Kn χ¯I a /DχJna + 2iφK Y¯ I abn Y Jn ab − 4iφ¯Kn Y I abY Jn ab
+
1
4
F Iµν χ¯
J a
n γ
µνχKna −
1
2
F¯ In µνχ¯
J aγµνχKna + Y
I abχ¯Jnaχ
K
nb − 2Y¯ I abn χ¯JaχKn b
− 2imnφK χ¯I an χJna + 3imnφ¯Kn χ¯I aχJn a − 4imnh¯I ab˙n χ¯JaψKn b˙ − 2imnφI ψ¯J a˙n ψKn a˙
+ 2mnh¯
I ac˙
n h
J b
n c˙Y
K
ab − 3im2nφI φ¯JnφKn − 2im2nφI h¯J ab˙n hKnab˙
]
+
1
mn
fIJ
HfHKL
[
− 3mnφIφK φ¯JnφLn −mnφIφK h¯J ab˙n hLnab˙ − φIφKχ¯J an χLna
+ φ¯Inφ
J χ¯K aχLna + 2φ¯
I
nφ
K χ¯J aχLna − φ¯InφKn χ¯J aχLa − 12 φ¯InφJnχ¯K aχLa
]
− i
mn
f I1IH f
I2
JL fKI1I2φ
IφJφK φ¯Hn φ
L
n . (4.20)
The terms contracted with the trace dIJ are kinetic terms and mass terms for all Kaluza-Klein
excited modes. We note that the tensors BIn µν = − inF In µν have Chern-Simons kinetic terms and
a mass term proportional to n2. Consistent with a Kaluza-Klein reduction all complex scalars
φIn, h
I ab˙
n with n > 0 have mass terms proportional to n
2, and all fermions χI an , ψ
I b˙
n with n > 0
have mass terms proportional to n. More interestingly, this Lagrangian contains various terms at
the non-Abelian level containing fIJK . These include new kinetic terms for all singlets under the
second SU(2) in (3.1), Pauli terms coupling the tensors and gauge fields to the fermions, Yukawa
type couplings, and a complicated scalar potential. The full scalar potential and four Fermi terms
can only be determined after eliminating the auxiliary fields Y I abn . We will discuss this elimination
process in section 4.3.
It is important to stress that the action (4.20) preserves N = 2 supersymmetry but breaks
the special supersymmetries parametrized by ηa in (4.16). This can be seen straightforwardly by
inspecting the superconformal variations of the fermion in V̂0:
δχ0 a = −14γµνF 0µνǫa − i2 /Dφ0ǫa − Y 0 abǫb + φ0ηa . (4.21)
Using the condition (3.12) we realize that the supersymmetry parameter ǫa drops from (4.21)
which implies that the restricted action is still N = 2 supersymmetric. In contrast ηa appears
after imposing (3.12) in the transformation δχ0 a = g−2ηa, which implies that χ0 a is needed to
21
ensure invariance of the action under special supersymmetry transformations. In other words, the
condition (3.12) will break the special supersymmetry transformations parametrized by ηa. The
ordinary supersymmetry transformations in the restricted phase are given by
δAIµ =
1
2 ǫ¯
aγµχ
I
a ,
δφIn =
i
2 ǫ¯
aχIn a ,
δF In µν = −ǫ¯aγ[µDν]χIn a − i2fJKIφJn ǫ¯aγµνχKa + i2fJKIφJ ǫ¯aγµνχKna − 12mn ǫ¯aγµνχIn a ,
δχI an = −14γµνF In µνǫa − i2 /DφInǫa − Y I abn ǫb + 12fJKIφJφKn ǫa + i2mnφInǫa ,
δY I abn = −12 ǫ¯(a| /DχI|b)n − ifJKIφJn ǫ¯(a|χK|b) + i2fJKIφJ ǫ¯(a|χK|b)n − 12mn ǫ¯(a|χK|b)n ,
δhI ab˙n = −i ǫ¯aψI b˙n ,
δψI b˙n =
i
2
/DhI ab˙n ǫa − 12fJKIφJhK ab˙n ǫa − i2mnhI ab˙n ǫa , (4.22)
where n ≥ 0 labels both zero and excited modes. We close this subsection by pointing out that
the Lagrangian (4.18) posses a scaling symmetry when using the Weyl weights of Table 3.1 and
additionally assigning scaling weight −1/2 to the gauge coupling constant g, in such a way that
mn has weight +1 for any n > 0. This can be interpreted as a remnant of the full six-dimensional
(2, 0) conformal symmetry as discussed in section 3.2.
This concludes our discussion of the general N = 2 action for the Kaluza-Klein tower. Our
approach can be summarized as follows. While an action for full six-dimensional non-Abelian
(2, 0) theories is unknown the Abelian free six-dimensional (2, 0) theory admits a six-dimensional
pseudoaction. It can be compactified on a circle with arbitrary radius yielding a five-dimensional
action with N = 4 supersymmetry. We proposed a gauged version of this theory preserving only
half, namely N = 2, supersymmetry, by interpreting the zero mode vectors AI as gauge potentials
for the whole Kaluza-Klein tower. In order to argue for a six-dimensional origin of this theory
all higher-dimensional symmetries need to be realized or appear in a gauge-fixed phase. Our five-
dimensional actions (4.15) and (4.18), however, clearly only realize part of the six-dimensional
superconformal (2, 0) symmetries manifestly. In particular, we have singled out the zero modes for
gauging which seems naively incompatible with six-dimensional Poincare´ invariance.
It is precisely the non-Abelian gauging that prevents us to write down an N = 4 action. Nev-
ertheless, we regard our Lagrangians as the starting point to give a lower-dimensional Lagrangian
formulation for (2, 0) theories. The next step in the construction must be the restoration of the full
set of six-dimensional symmetries. In section 5 have a closer look at supersymmetry and suggest a
strategy to implement its enhancement. In the next subsection 4.3 we concentrate on two special
cases in which partial symmetry restoration is achieved.
22
4.3 Special cases and integrating out auxiliary fields Y
We have just proposed a Lagrangian for all Kaluza-Klein modes in an N = 2 supersymmetric
framework. In particular we made use of complete N = 2 vector and tensor multiplets including
auxiliary fields Y I abn . These fields appear only algebraically in the Lagrangian and can be eliminated
consistently by using their equations of motion. While the action (4.18) is a sum of terms Ln only
involving fields at the Kaluza-Klein level n and zero modes, the elimination of auxiliary fields will
induce a non-trivial mixing among exited modes. Despite the fact that it is interesting to investigate
this structure in more detail, we will focus here on only two special cases where the computation
is straightforward and the lift to N = 4 can be performed explicitly.
As a first special case we study the zero mode Lagrangian L0 given in (4.19), and drop all
massive modes. This is motivated physically with the dimensional reduction argument for small
radius r where massive Kaluza-Klein modes are dropped, or rather integrated out, that are above
a certain energy scale. The equation of motion for the auxiliary fields then simply reads
Y I ab = −12f I JKhJ aa˙hK ba˙ . (4.23)
Inserting (4.23) into (4.19) a quartic potential in h is generated, and the zero mode Lagrangian L0
takes the form
g2LYM = dIJ
[
− 14F I µνF Jµν − 12DµφIDµφJ − 12DµhI ab˙DµhJab˙ − 12 χ¯I a /DχJa − ψI a˙ /DψJa˙
]
+ fIJK
[
+ i2φ
I χ¯J aχKa − iφI ψ¯J a˙ψKa˙ − 2ihI ab˙χ¯JaψKb˙
]
+ fIJ
HfHKL
[
− 14hI aa˙hJ ba˙hK b˙a hLbb˙ − 12φIφKhJ ab˙hLab˙
]
. (4.24)
This Lagrangian is a simple rewriting of N = 4 super Yang-Mills theory in terms of N = 2
multiplets, as can be checked by inserting (3.11), (3.12) and (A.10) into the N = 4 super Yang-
Mills Lagrangian (see eqn. (5.23) later on). Therefore it possess enhanced supersymmetry which is
not present in the massive Kaluza-Klein tower.
As a second special case we consider the Abelian truncation of the full Lagrangian (4.18). This
is achieved by dropping all terms constructed with the structure constants fIJK . The equations of
motions for the auxiliary fields read simply Y I abn = 0, such that they can be trivially dropped from
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the Lagrangian. The resulting theory is free and given by
g2Lfree = dIJ
[
− 14F I µνF Jµν − 12∂µφI∂µφJ − 12∂µhI ab˙∂µhJab˙ − 12 χ¯I a/∂χJa − ψI a˙/∂ψJa˙
]
+
∞∑
n=1
dIJ
[
− 12 F¯ I µνn F Jnµν + i4mn ǫµνρλσF¯ In µν∂ρF Jnλσ
− ∂µφ¯In∂µφJn − ∂µhI ab˙n ∂µhJn ab˙ − χ¯I an /∂χJna − 2ψ¯I a˙n /∂ψJn a˙
−m2n
(
φ¯Inφ
J
n + h¯
I ab˙
n h
J
n ab˙
)
−mn
(
χ¯I an χ
J
na + 2ψ¯
I a˙
n ψ
J
n a˙
) ]
. (4.25)
This Lagrangian is the N = 2 supersymmetric extension of the purely bosonic Lagrangian (2.7)
in the gauge (3.12). In fact, this theory is actually N = 4 supersymmetric. Furthermore, it can
be obtained by a compactification of the full (2, 0) Abelian pseudoaction (C.2) on a circle and
therefore admits non-manifest six-dimensional Poincare´ invariance. Five-dimensional Kaluza-Klein
actions arising from such a compactification have been considered before in [62]. We stress that it
is hard to interpret the action (4.25) with the full Kaluza-Klein tower as an effective action for the
Coulomb branch of the five-dimensional theory. This is due to the fact that it contains modes of
arbitrary high mass mn that rather should be integrated out above the cutoff scale.
5 Harmonization and USp(4) covariant action
As we have discussed in the previous section the Lagrangian (4.18) does not possess all the sym-
metries expected from a circle compactification of a theory with (2, 0) superconformal invariance.
For example the compactification on a circle is not expected to break supersymmetry, in partic-
ular the extended USp(4) R-symmetry. In this section we concentrate on the breaking of the
R-symmetry group USp(4)R → SU(2)R × SU(2) and we propose a way to restore it. The key idea
is to parametrize the embeddings of SU(2)R×SU(2) into USp(4)R by additional bosonic variables
and integrate over such embeddings. This construction depends crucially on two special features
of the Lagrangian (4.18). Firstly, its spectrum can be rearranged into full N = 4 supermultiplets,
as shown in section 3. Secondly, the global symmetry of the theory includes not only the SU(2)R
R-symmetry of the N = 2 algebra, but also the additional SU(2) symmetry. In the following,
we use techniques inspired by the construction of harmonic superspaces for theories with extended
supersymmetry. Note in particular that conformal symmetry plays no role in our discussion.8
Let us outline our strategy in more detail. As a first step towards an N = 4 Lagrangian, the
R-symmetry group of the N = 2 Lagrangian (4.18) is enhanced to USp(4)R. This is achieved by
techniques familiar in harmonic superspace [35–40]. They are introduced in subsection 5.1 and are
8In appendix D, however, we consider possible extensions of the formalism, to combine higher supersymmetry
with scale invariance.
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applied to the Lagrangian (4.18) in subsection 5.2. For the precise practical realization we will follow
closely [63] (see also [64]). In subsection 5.4 we present a realization of the N = 4 supersymmetry
algebra on a suitable harmonized Grassmann analytic coset. The key point of the construction is the
possibility of modding out analytically half of the 16 supercharges of the N = 4 algebra. We claim
that the invariance of the original Lagrangian (4.18) under N = 2 supersymmetry, together with
USp(4)R symmetry and closure of the full algebra is a strong hint of invariance of the harmonized
Lagrangian under N = 4 supersymmetry. Furthermore, harmonization techniques can be applied
to study how the vector/tensor and hypermultiplet moduli space of the N = 2 Lagrangian (4.18)
combine into the moduli space of the harmonized USp(4)R invariant Lagrangian. This is also
addressed in subsection 5.4.
In this work we refrain from a full harmonic superspace construction, and in particular we
do not discuss superfields. As a consequence, supersymmetry is realized non-linearly and the
representation of the algebra on fields closes only up to equations of motion. Many of our claims
concerning restoration of N = 4 supersymmetry are most directly addressed in a full superspace
analysis and we hope to return to these issues in the future.
5.1 N = 2 formulation and coset construction
In section 3 we have discussed the decomposition of the spectrum of the N = 4 supersymmetric
theory into N = 2 language on a group-theoretic level as representations of the respective R-
symmetry groups. In order to write the action (4.15) in an USp(4)R covariant manner we will
now make this decomposition more precise and give an explicit parametrization. To this end we
introduce harmonic variables [35–40] on the coset manifold
USp (4)R
SU(2)R × SU(2)
∼= SO(5)
SO(4)
∼= S4 ∼ (uai , ua˙i ) . (5.1)
where we have introduced the representatives (uai , u
a˙
i ) as a particular fixed USp (4) matrix. Recall
that the latter are 4 × 4 unitary matrices that preserve the symplectic form Ω, corresponding to
USp(4) = U(4) ∩ Sp(4,C). As a result, uai , ua˙i satisfy the pseudo-reality constraints
u¯ia ≡ (uai )∗ = Ωijǫabubj , u¯ia˙ ≡ (ua˙i )∗ = Ωijǫa˙b˙ub˙j , (5.2)
along with
Ωijuai u
b
j = ǫ
ab , Ωijuai u
b˙
j = 0 , Ω
ijua˙i u
b˙
j = ǫ
a˙b˙ , (5.3)
ǫabu
a
i u
b
j + ǫa˙b˙u
a˙
i u
b˙
j = Ωij .
As a by product, we have also the unimodularity condition
ǫijkluai u
b
ju
a˙
ku
b˙
l = ǫ
abǫa˙b˙ . (5.4)
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It follows from (5.3), taking into account that the antisymmetric invariant ǫijkl is not primitive,
but is derived from Ωij according to
ǫijkl = 3Ω[ijΩkl] , (5.5)
in our conventions. A more intuitive way to think about (uai , u
a˙
i ) is to regard them as spherical
harmonics on S4. In particular, we can write arbitrary functions on this manifold as a series
expansion in (uai , u
a˙
i ).
With these objects we can parametrize the decompositions (3.2) of the scalars σI ijn which are
in the 5 of USp(4) into representations of SU(2)R × SU(2) as(
uai u
b
j u
a
i u
b˙
j
ua˙i u
b
j u
a˙
i u
b˙
j
)
σI ijn =
(
1√
2
ǫabφIn h
I ab˙
n
−hI ba˙n − 1√2ǫa˙b˙φIn
)
, (5.6)
where we have used equation (5.3) and the fact that σI ijn are anti-symmetric traceless. Similarly,
we can write for the decomposition of the fermions λIin , which form a 4 of USp (4)(
uai
ua˙i
)
λI in =
(
χIan√
2ψIa˙n
)
. (5.7)
We can think of these identifications as refined versions of (3.2) and (3.11), where in addition we
have also imposed the condition (3.12) (and thus set φ0 = g−2) and used the rescaled hypermultiplet
fields introduced in (3.13). This is due to the fact that in this section we will not deal with questions
of conformal invariance. We, however, refer the reader to appendix D for a brief discussion on this
topic.
As we can see, from an N = 4 point of view, the coset (5.1) allows us to organize the spectrum
of physical fields with respect to a particular N = 2 subalgebra of the full N = 4 supersymmetry.
Different choices of the coset representatives (uai , u
a˙
i ) correspond to different choices of this subal-
gebra. From a purely N = 2 point of view reparametrizations of the coset (5.1) act like external
automorphisms, which mix the SU(2)R-symmetry group non-trivially with the second SU(2) to
enhance it to USp(4)R. With this observations in mind, we propose to promote the N = 2 su-
persymmetric action described in the previous section to N = 4 by ‘harmonizing’ this choice of
subalgebra. In more technical terms, we consider an infinite set of N = 2 actions of the type (4.15)
parametrized by the coset representatives (uai , u
a˙
i ) and integrate the latter in an USp(4) covariant
manner. We will make this idea more precise in the following.
Let us close this subsection by pointing out that the identifications (5.6) and (5.7) suggest that
it is natural to enlarge the auxiliary fields in the vector multiplets Y I abn to a full 10 of USp (4)R.
This amounts to defining Y I ijn that is symmetric in i, j and specified by(
uai u
b
j u
a
i u
b˙
j
ua˙i u
b
j u
a˙
i u
b˙
j
)
Y I ijn =
(
Y I abn Y
I ab˙
n
Y I ba˙n Y
I a˙b˙
n
)
. (5.8)
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We stress that this requires the introduction of further auxiliary fields Y I ab˙n and Y
I a˙b˙
n that transform
in the (2,2) and (1,3) of SU(2)R ×SU(2) respectively. It would be interesting to relate these new
fields to off-shell formulations of N = 2 and N = 4 supersymmetric theories.
5.2 Harmonic action and coset integration
In this section we will explain the idea of harmonizing the USp(4)R R-symmetry group in the rigid
case in more detail. While our methods might be more generally applicable, our main concern
will be the harmonization of the Lagrangian (4.18). More precisely, our starting point will be the
Lagrangian (4.18) after integrating out the auxiliary fields Y I abn resulting in an expression of the
form 9
LN=2
[
(hI aa˙n , ψ
I a˙
n ); (φ
I
n, χ
I a
n , F
I
n )
]
, n ≥ 0 , (5.9)
which is a functional of the components of the hyper-, vector- and tensor multiplets respectively,
as discussed in section 4.2. We have also used the rescaled fields hI aa˙n , ψ
I a˙
n as introduced in (3.13).
Let us stress that in the following two ingredients are crucial: an N = 2 supersymmetric action
manifestly invariant under SU(2)R × SU(2) together with a spectrum which furnishes full N = 4
representations as described in section 5.1.
We can now use the coset parameters introduced in (5.1) to rewrite the dependence on the fields
in N = 2 in terms of N = 4 degrees of freedom. Moreover, all fields are promoted to depend on
the coordinates (uai , u
a˙
i ) on the S
4 given by the coset (5.1). The decomposition (5.6) and (5.7) can
be inverted to infer
φIn(u) =
1√
2
ǫabu
a
i u
b
j σ
I ij
n (u) , χ
I a
n (u) = u
a
i λ
I i
n (u) , (5.10)
hIab˙n (u) = u
a
i u
b˙
j σ
I ij
n (u) , ψ
I a˙
n (u) =
1√
2
ua˙i λ
I i
n (u) .
Using these identifications the N = 2 Lagrangian becomes a functional on S4 and reads
LN=2
[
u, (σI ijn (u), λ
I i
n (u), F
I
n (u))
]
≡ LN=2
[
(hI aa˙n (u), ψ
I a˙
n (u)); (φ
I
n(u), χ
I a
n (u), F
I
n (u))
]
. (5.11)
This action is still only invariant under SU(2)R × SU(2) but not under USp(4)R. The reason is
that for the moment the quantities (uai , u
a˙
i ) are fixed and do not transform under generic USp(4)R
transformations. In order to obtain USp(4)R invariance we integrate LN=2 given in (5.11) over the
sphere S4 as
LUSp(4)
[
σI ijn , λ
I i
n , F
I
n
]
=
∫
S4
duLN=2
[
u, (σI ijn (u), λ
I i
n (u), F
I
n (u))
]
, (5.12)
9By a slight abuse of notation, we do not indicate in this expression that the Lagrangian depends explicitly on
the zero mode vectors AI = AI0 and not only on their field strength F
I
0 .
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where du is the integration measure on S4 defined through the following rules (see e.g. [65] and
also [40]) ∫
S4
du 1 = 1 ,
∫
S4
du (irred. tensor of USp(4)R) = 0 . (5.13)
In other words, after expanding the various terms in irreducible representations of USp(4)R the
integration over the harmonic parameters (uai , u
a˙
i ) extracts the USp(4)R-singlet component of the
integrand. A helpful way to think about this integration is to imagine an expansion of the integrand
in spherical harmonics of S4 and to eliminate all higher excitation modes.
We claim that (5.12) is USp(4) invariant. Indeed, this action is invariant under all transforma-
tions g ∈ SU(2)R × SU(2) ⊂ USp(4), since this is a property of our starting action (5.9), which
is valid for any (fixed) choice of (uai , u
a˙
i ). Therefore LUSp(4) is invariant under g pointwise on S4.
Transformations g⊥ ∈ USp(4)/(SU(2)R × SU(2)) in the USp(4) complement do not have this
property, but on the contrary correspond to a non-trivial transformation on the sphere. Invariance
under the latter, however, in (5.12) is achieved through the integration over S4, since the action
of g⊥ can be absorbed by a simple coordinate reparametrization of the integral. Thus we conclude
that the action (5.12) is invariant under USp(4). We stress once more that this USp(4) is not
just some global symmetry of the action but arises through a non-trivial extension of the N = 4
R-symmetry group via the enlargement of the five-dimensional space-time with an additional S4.
We note that we have also allowed for an implicit harmonic-dependence of the fields themselves
in (5.12). A priori, this dependence on the harmonic coordinates is equivalent to adding infinitely
many additional degrees of freedom, which correspond to higher modes in a decomposition in
spherical harmonics on S4. As we will explain in section 5.4, not all of these modes are necessarily
physical degrees of freedom. Indeed, we interpret the action as living on a particular Grassmann-
analytic coset realization of the N = 4 Poincare´ superalgebra. Within this framework we expect
that suitable constraints (so-called H-analyticity conditions) can be imposed on all fields, which
truncate their harmonic expansion. In the simplest case, these constraints amount to dropping
all internal u-dependence of the component fields (σI ,ijn , λI in , F
I
n) appearing in the harmonized
Lagrangian (5.12). However, a general study of these conditions is beyond the scope of this work.
Indeed, such questions are more efficiently attacked within a full superfield approach which will be
attempted elsewhere.
5.3 Two special cases
This subsection is devoted to the study of the two special cases discussed in subsection 4.3. Firstly,
we demonstrate explicitly that the harmonization formalism of the previous subsections can be
applied to the zero mode part and give rise to maximally supersymmetric Yang-Mills theory. This
will give us a good opportunity to explicitly demonstrate the integration over the harmonic u-
variables. Secondly, the Abelian action (4.25) for the full Kaluza-Klein tower is shown to lift to the
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Abelian six-dimensional (2, 0) pseudoaction (C.2) compactified on a circle.
The starting point for the discussion of the zero mode Lagrangian in the action (4.19) where
auxiliary fields Y I ab have been integrated out. When the harmonization prescription given in (5.12)
is applied to (4.19), the on-shell zero mode Lagrangian takes the form
g2L0 =
∫
S4
du
{
dIJ
[
− 14F I µνF Jµν − 14DµσI ijDµσJ kl (−uij uˆkl + 2uikuˆjl)− 12 λ¯I i /DλJ j (−uij − uˆij)
]
− i√
2
fIJKσ
I ij λ¯J kλK l
(−12 uˆijukl − 12uij uˆkl + 2uikuˆjl)
− 116fIJHfHKLσI ijσK klσJ mnσLpq (4uikuˆjnumpuˆlq + 4uij uˆklumpuˆnq)
}
, (5.14)
where we have introduced the following shorthand notation
uij = u
a
i u
b
jǫab , uˆij = u
a˙
i u
b˙
jǫa˙b˙ . (5.15)
For performing the harmonic integral, we will drop the explicit harmonic dependence of all the
fields in the following, i.e. we will assume that the H-analyticity relations (that we have mentioned
earlier) are imposed on all fields. By definition the integral over u will simply pick the USp (4)R
singlet component of the integrand, according to (5.13). Let us make a few comments about some
of the terms involved. Since the σij transform in the 5 of USp (4)R we have the following channels
appearing in the scalar bilinear term
5⊗ 5 = 1⊕ 10⊕ 14 . (5.16)
Of these, only the 1, which corresponds to the ‘trace’ in the USp (4)R sense, can be combined with
the harmonics to yield a singlet expression, i.e.
σI ijσJ kl =
(− 112σI mnσJmn) ǫijkl + higher irreps. . (5.17)
Indeed, the ǫijkl combines with the harmonics in (5.14) to form a singlet combination. In the same
manner, we can deal with the fermion bilinear term. Here the decomposition for the 4 reads
4⊗ 4 = 1⊕ 5⊕ 10 . (5.18)
As in the scalar case, only the singlet term can give rise to a non-vanishing contribution in the
harmonic integral, namely
λ¯I iλJ j =
(
−14 λ¯I kλJk
)
Ωij + higher irreps. . (5.19)
This essentially accounts for the first line in (5.14). In the second line, the only contribution comes
from the 5 channel in the decomposition of the two fermions, which combines with the 5 of the
scalar to form a singlet, i.e.
σI ijλ¯J kλK l =
(− 112σI mnλ¯JmλKn ) ǫijkl + higher irreps. . (5.20)
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Finally, the most difficult contribution is the last line in (5.14). However, the simplest way to
disentangle the latter is to recall that this term originally arose from integrating out the auxiliary
component of the N = 2 vector multiplet, which transforms in the (3,1) in SU(2)R × SU(2). The
latter comes from the reduction of a field that transforms in the 10 of USp (4)R which hints to the
fact, that the only relevant channel in the decomposition of the four scalar fields in the last line of
(5.14) is
5⊗ 5⊗ 5⊗ 5 = (1⊕ 10⊕ 14)⊗ (1⊕ 10⊕ 14) → 10⊗ 10 . (5.21)
This leads us to consider
σI ijσK klσJ mnσLpq =
(
− 116σI h1h2σKh1h2σJ h3h4σLh3h4
) [
ǫijklǫmnpq − ǫijpqǫklmn + . . .
]
+ other irreps. , (5.22)
where the dots denote additional terms constructed with Ωij that vanish upon contraction with
uij , uˆij but are needed to make the square bracket a USp(4)R irreducible tensor. With these results,
the harmonized Lagrangian (5.14) takes the form
g2LSYMN=4 =dIJ
[
− 14F I µνF Jµν − 14DµσI ijDµσJ ij − 12 λ¯I i /DλJi
]
− i√
2
fIJKσ
I ij λ¯Jiλ
K
j − 116fIJKLσI ijσKijσJ klσLkl , (5.23)
which is the maximally supersymmetric on-shell Yang-Mills action in five dimensions. It is invariant
under the following N = 4 supersymmetry transformations:
δAIµ =
1
2 ǫ¯
iγµλ
I
i ,
δσI ij = −i
√
2
(
ǫ¯[i|λJ |j] + 14Ω
ij ǫ¯kλIk
)
δλI i = −14F Iµνγµνǫi − i√2 /Dσ
I ijǫj +
1
2f
I
JKσ
J ijλKjkǫ
k . (5.24)
In a completely analogous way we can treat the second special case of section 4.3, the Abelian
version of the full Kaluza-Klein tower given by the Lagrangian (4.25). We will assume that the
same H-analyticity relations as in the zero mode case are imposed on all fields. The integration
over harmonic variables is carried out taking into account the expressions (5.17) and (5.19) for the
singlet component in the 5⊗5 and 4⊗4 channels, respectively. The result is the N = 4 free theory
of one massless vector multiplet along with a tower of massive tensor multiplets,
g2LfreeN=4 = dIJ
[
− 14F I µνF Jµν − 14∂µσI ij∂µσJij − 12 λ¯I i/∂λJi
]
+
∞∑
n=1
dIJ
[
− 12 F¯ I µνn F Jnµν + i4mn ǫµνρλσF¯ In µν∂ρF Jnλσ
− 12∂µσ¯I ijn ∂µσJn ij − λ¯I in /∂λJn i − 12m2nσ¯I ijn σJn ij −mnλ¯I in λJn i
]
. (5.25)
It is straightforward to check that this Lagrangian corresponds to the circle compactification of the
six-dimensional (2, 0) pseudoaction for non-interacting tensor multiplets, given in (C.2).
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5.4 Grassmann analytic coset construction
It is an interesting question in which sense the action discussed in the previous section is indeed
N = 4 supersymmetric. As we have pointed out repeatedly, what we have achieved is, starting from
an N = 2 supersymmetric action with manifest SU(2)R ×SU(2) symmetry, to enhance SU(2)R to
USp(4)R with the help of additional compact coordinates and present a manifestly invariant action
formulated as a group integral over the latter. In this section we wish to make the supersymmetric
properties more transparent by interpreting (5.12) as a Grassmann analytic formulation of a fully
N = 4 supersymmetric action. There are two issues which we need to discuss: First of all, we
need to construct explicitly a G-analytic space and recast (5.12) in this form, which will make the
supersymmetry properties manifest. Secondly, concerning the coset of physical scalars, we need to
discuss how the vector multiplet Ka¨hler cone and the hyper Ka¨hler manifold of the hypermultiplet
scalar fields arise naturally as coset constructions in this framework, with the harmonic coordinates
as a common ingredient to both of them.
We first want to interpret the (projected) multiplets in (5.6) and (5.7) as representations of a
particular N = 4 superconformal algebra, which we will now construct as a so-called Grassmann-
analytic (or G-analytic) coset. Our discussion will be strongly inspired by similar constructions in
four dimensions with N = 2 and N = 4 supersymmetry (see particularly [40, 63, 64]). When we
denote the 5-dimensional Poincare´ superalgebra with 16 supercharges by P(5|16) then the N = 4
action is formulated on the coset
R
(1,4|16) ∼ P
(5|16)
(Mµν , Tij)
. (5.26)
Here we have introduced explicit generators for various symmetries, according to the following table
symmetry generators indices
Lorentz transformations Mµν µ, ν = 0, 1, . . . , 4
translations Pµ
USp (4)R R-symmetry Tij i, j = 1, . . . , 4
Poincare´ supersymmetry Qi i = 1, . . . , 4
We note, however, that in general (due to the absence of appropriate systems of full N = 4 auxiliary
fields) Poincare´ supersymmetry transformations will be realized in a non-linear manner in the
action. For the sake of simplicity, no central charges are considered in the following construction.
Nonetheless, we are confident that our formalism can be suitably generalized to accommodate
them. Such extension could be helpful in the analysis of a possible six-dimensional origin of the
five-dimensional symmetry algebra.
To formulate the action (5.12), however, we want to have an alternative coset, in which half
the supergenerators, for example Qi=3,4, have been moved to the coset denominator. However, this
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would lead to inconsistencies, since the USp(4)R generators Tij, which are already present in the
denominator in (5.26) will require adding Qi=1,2 as well, to form a closed algebra. To remedy this
problem, we will now discuss a G-analytic coset obtain by harmonization of (5.26). Indeed, we can
consider a particular semi-direct product of (5.26) with the coset space (5.1)
P(5|16)
(Mµν , Tij)
⋉
ÛSp (4)
ŜU(2)R × ŜU(2)
=
P(5|16) ⋉ ÛSp (4)
(Mµν , Qa˙, Tab, Ta˙b˙, Taa˙ − Zaa˙, Zab, Za˙b˙)
, (5.27)
where in addition we have introduced the generators
symmetry generators indices
ŜU(2)R Zab a, b = 1, 2
ŜU(2) Za˙b˙ a˙, b˙ = 1, 2
ÛSp(4) Zab , Zaa˙ , Za˙b˙
where the supergenerators appear in a harmonically projected form
Qa = uaiQ
i
Qa˙ = ua˙iQ
i
, with
ÛSp (4)
ŜU(2)R × ŜU(2)
∼ (uai , ua˙i ) . (5.28)
In these expressions we have used a hat on the groups appearing in the coset to distinguish them
from their counterparts in section 5.1. Notice that in the denominator of (5.27) only the combination
Taa˙ − Zaa˙ is present. While each of the USp(4)R generator Taa˙ and the ÛSp(4) generator Zaa˙
separately, would transform Qa˙ into Qa, the difference of both acts trivially on all supergenerators.
In this way, it is consistent to put only half of the (harmonically projected) supergenerators in
the coset denominator. Notice that this coset realization makes precise the discussion towards the
end of section 5.1: for any fixed choice of harmonic variables (uai , u
a˙
i ) ∈ ÛSp(4)/(ŜU(2)R× ŜU(2))
eqn. (5.27) describes the N = 2 coset P(5|8)/(M,Zab). However, the interplay with the harmonic
variables discussed in (5.1) allows us to interpret eqn. (5.27) as a Grassmann-analytic version of an
N = 4 algebra.
Before explicitly constructing the coset space (5.27) we comment that from here it becomes
transparent why the fields in the proposed action (5.12) have an implicit harmonic dependence:
Indeed, since LN=2 in (5.12) is understood to vary over (5.27) the fields entering it are required to be
representations of the latter. Thus, once we choose an explicit parametrization, all multiplets will
be non-trivial functions of these parameters.10 This particularly means that all fields generically
have a non-trivial expansion in the spherical harmonics on S4.
What remains to be done from a purely algebraic point of view is to give some hints on the
actual construction of the coset, in particular the harmonic coordinates. Our considerations will
10We remind the reader again that the supersymmetry transformations are realized in a non-linear manner in (5.12)
and thus the corresponding Grassmann coordinates have already been integrated out.
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mirror a similar discussion in four dimensions [63] (see also [64]). Indeed, in addition to the coset
parameters (uai , u
a˙
i ) of eqn. (5.28) we can introduce another set of harmonic coordinates κi
ıˆ of
USp(4). They satisfy the constraints
κıˆ
iκi
ˆ = δıˆˆ , κi
ıˆκıˆ
j = δji , ǫıˆˆkˆlˆ κi
ıˆκj
ˆκk
kˆκl
lˆ = ǫijkl , (5.29)
where for convenience of the reader we have denoted ÛSp (4) indices in this section with a hat to
avoid confusion. Indeed, these harmonics transform in a two-fold manner
δκi
ıˆ = ηi
j κj
ıˆ + κi
ˆ τˆ
ıˆ (5.30)
under rigid ÛSp (4) transformations (with parameter τˆ
ıˆ) and local USp(4) (with parameter ηi
j).
In order to construct the coset (5.27) we will have to make a change of variables from (uaıˆ , u
a˙
ıˆ , κ
ıˆ
i)
to new harmonics (wai , w
a˙
i , z
ıˆ
i) which are inert under rigid ÛSp (4) transformations and transform
in a simple manner under local USp (4), such that we can covariantly impose the constraint
(Taa˙ − Zaa˙)F = 0 , (5.31)
on covariant objects F . The first step is to introduce harmonic projections of κ
κa
b = uiaκi
ˆubˆ , κa˙
b˙ = uia˙κi
ˆub˙ˆ , κa
b˙ = uiaκi
ˆub˙ˆ , κa˙
b = uia˙κi
ˆubˆ . (5.32)
We then perform the following non-linear change of variables
za
b = κa
b , za˙
b˙ = κa˙
b˙ , za
a˙ = κa
b˙(κ−1)b˙
a˙
, za˙
a = κa˙
b(κ−1)b
a
, (5.33)
wai = u
a
i + u
b˙
izb˙
a , wa˙i = u
a˙
i , w
i
a = u
i
a − zab˙uib˙ , wia˙ = uia˙ . (5.34)
We notice that the new harmonics (wai , w
a˙
i ) are no longer unitary, since they do not satisfy the
analogue of (5.2). However, upon introducing the parameter
ηˆa
b = wia ηi
j wbj , ηˆa
b˙ = wia ηi
j wb˙j , ηˆa˙
b = wia˙ ηi
j wbj , ηˆa˙
b˙ = wia˙ ηi
j wb˙j , (5.35)
the new harmonic variables transform in the following manner under local USp (4) transformations
δwai = w
b˙
i ηˆb˙
a , δwa˙i = 0 , δw
i
a = −ηˆaa˙wia˙ , δwia˙ = 0 . (5.36)
As we can see, these new variables no longer mix under local USp (4), therefore allowing us to
covariantly introduce the constraint (5.31).
After discussing the G-analytic coset, we now also have to discuss the geometrical aspects of
this construction. We want to understand how the N = 2 vector and hypermultiplet moduli spaces
discussed in section 3, fit together with the harmonic variables. Following [22], the structure of the
space of physical scalar fields in N = 4 supergravity in five dimensions takes the form of a coset
GSUGRA/USp (4). In the rigid limit this structure is preserved with USp (4) playing the role of the
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five-dimensional R-symmetry group.11 We will therefore consider the N = 4 moduli space in the
following to be of the form
G
ÛSp (4)
∼ (σI ij, σM ij) , (5.37)
where we particularly note the absence of the scalar fields of the additional multiplet V̂0 on the
right hand side. Moreover, as in section 4, we will drop the index of the Kaluza-Klein mode in this
section to avoid cluttering of the formulas. In equation (5.37) G is a (possibly non-compact) group
manifold which explicitly depends on the choice of gauge-group G. Following the logic of section 5.1
we will have to reformulate this manifold in terms of N = 2 language in an USp (4) covariant
manner in order to make contact with the geometrical discussion in section 2. We indeed expect
that the N = 2 vector- and hypermultiplet moduli spaces can also be understood as particular
harmonizations of the coset (5.37) for fixed values of the harmonic variables.
We will begin by considering the N = 2 vector multiplet sector discussed in section 2 by
introducing the following harmonized coset
MVT = G
USp (4)
⋉
ÛSp (4)
ŜU(2)R ⋉ ŜU(2)
=
G⋉ ÛSp (4)
(LIaa˙, Tab, Ta˙b˙, Taa˙−Zaa˙, Zab, Za˙b˙)
∼ (ǫabwai wbjσI ij , wai , wa˙i )
(5.38)
where we recall that
ǫabw
a
i w
b
jσ
I ij = −ǫa˙b˙wa˙i wb˙jσI ij , (5.39)
since σI ij transforms in the 5 of USp (4). Moreover, in (5.38) we have explicitly introduced coset
representatives for the manifold in equation (5.37)
object generators indices
G/USp (4) LIaa˙ , L
I
ab , L
I
a˙b˙
I = (I,M)
In the same manner, we can deal with the hypermultiplet moduli space, which we can realize as
the coset
MH = G
USp (4)
⋉
ÛSp (4)
ŜU(2)R ⋉ ŜU(2)
=
G⋉ ÛSp (4)
(LIab, L
I
a˙b˙
, Tab, Ta˙b˙, Taa˙−Zaa˙, Zab, Za˙b˙)
∼ (wai wa˙jσI ij , wai , wa˙i ) (5.40)
As we can see, the moduli spaces of N = 2 vector/tensor- and hypermultiplets can be understood
as particular G-analytic coset representations in the limit of fixed harmonic variables. Taking them
11In the Abelian case the manifold is simply SO(5, n)/(SO(5)×SO(n))×SO(1, 1) with the last factor representing
the graviscalar, which simply factorizes out in the rigid limit.
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rather to be non-trivial coordinates in the S4 manifold (5.1) combines them into theN = 4 manifold
(5.37).
We note that in this discussion, we have left the N = 4 moduli space G undetermined and we
have constructed the N = 2 vector- and hyper multiplet moduli spaces from it. It is an interesting
question, whether the process can be reversed and knowledge of the latter allows to construct G.
6 Six-dimensional theory and one-loop Wess-Zumino terms
In the previous sections we have presented a five-dimensional action that encodes the dynamics of an
infinite tower of massive non-Abelian tensors coupled to Yang-Mills theory. We have proposed that
this action describes a six-dimensional (2, 0) theory compactified on a circle. While it remains to be
understood how precisely the former arises through a Kaluza-Klein reduction from six dimensions,
there is a slightly different question one can pose: To what extent is it possible to extract information
about the (2, 0) theory from the five-dimensional action (4.18)? In particular, since all our discussion
so far has been purely on a classical level, one might worry that quantum effects could be spoiled
through our particular lower-dimensional treatment. In this section we want to present a brief
one-loop check, which hints to the fact that this is not the case and indeed information about the
six-dimensional theory can in principle be reliably computed in the compactified theory. Indeed,
in the recent work [12] we have demonstrated in a non-supersymmetric context that anomalies are
accessible through lower dimensional theories obtained through circle compactifications.12 In the
same spirit we therefore expect that it should be possible to make non-trivial statements about
anomalies of the six-dimensional (2, 0) theory by studying quantum effects (i.e. one-loop corrections)
of (4.18). The quantity we want to discuss in this context is the conformal anomaly of multiple M5
branes, which has attracted a lot of interest (see [43, 4, 5, 44–46]). We want to understand whether
or not this anomaly is in principle accessible from our proposed five-dimensional action (4.18).
To this end, we will closely follow a discussion in [5], where a stack of N M5 branes is considered
and SO(5)R R-symmetry is gauged with the help of a background connection. A comparison is
made between the full non-Abelian phase and the broken phase where one M5-brane has been
separated from the stack. Indeed, a deficit in the quantum anomalies is found which is argued
to be counterbalanced by adding an anomalous Wess-Zumino term SWZ to the classical action
with a characteristic scaling behavior in the number of M5 branes N . In this section, we will
not discuss how SWZ is generated in our five-dimensional approach, but we will test whether the
scaling behavior is washed out through the five-dimensional effective treatment of the theory. To
be precise, we will assume the presence of SWZ in the action and show that changing the radius r
(and thus integrating out massive Kaluza-Klein modes in the effective action) will not modify its
scaling behavior for large N .
12See also [66] for a recent analysis of scattering amplitudes in theories for multiple M5 branes.
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6.1 Coupling to background fields
Our discussion follows closely the proposal made in [5] and we will therefore use SO(5)R notation
rather than USp (4)R. To this end we introduce the indices A = 1, . . . , 5 in the representation
5 of SO(5)R. All our expressions, however, can be converted into USp(4)R in a straightforward
manner. In [5] the anomalies of (2, 0) theories are studied by gauging the R-symmetry SO(5)R
with a background connection ΥABµ = −ΥBAµ with field strength FABµν , where µ,ν = 0, ..., 5 are
six-dimensional space-time indices.
We consider an A-D-E gauge group G and pick a Cartan generator T. Let us denote ΦA the
linear combination of the scalars σAI along the direction of T. Giving ΦA a non-vanishing vacuum
expectation value 〈ΦA〉 breaks the gauge group to the little group of T,
H × U(1) ⊂ G , (6.1)
where we have singled out the U(1) factor associated to T itself. In the following, it proves conve-
nient to define the constrained field
ϕA = ΦA/
√
ΦBΦB . (6.2)
It satisfies ϕAϕA = 1 identically. Introduction of the vacuum expectation value 〈ΦA〉 also breaks
the SO(5)R down to SO(4) ∼= SU(2)R × SU(2). While the scalar fields decompose as described in
(3.2), the vector fields ΥAB
µ
decompose in the following manner
10 → (3,1) + (1,3) + (2,2) , (6.3)
ΥAB
µ
→
(
Υ
(ab)
µ , Υ
(a˙b˙)
µ ,Υ
aa˙
µ
)
, (6.4)
into irreducible SU(2)R × SU(2) representations.
The key point of the discussion of [5] is that even in this broken phase the anomaly originally
induced by the full massless spectrum of the theory with group G has a non-trivial effect. In the
broken phase one expects some states to acquire a mass. For sufficiently large masses these states
have to be integrated out to formulate the new effective action for the unbroken theory with group
H × U(1). Since the massless spectrum has be reduced in this breaking, a deficit in quantum
anomalies is generated with respect to the unbroken phase. This deficit has to be counterbalanced
by adding an anomalous Wess-Zumino term SWZ to the classical action. Applying this logic to the
background gauge field ΥAB
µ
amounts to studying the analog of the ’t Hooft anomaly matching
[42].
To give the explicit form of SWZ we introduce an auxiliary seven-dimensional manifold Σ7 whose
boundary is the six-dimensional space-time. All fields, including the background gauge fields ΥABµ ,
are extended to Σ7. The Wess-Zumino term takes the form [5]
SWZ =
c(G)− c(H)
6
∫
Σ7
Ω3(ϕ,Υ) ∧ dΩ3(ϕ,Υ) , (6.5)
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in order to balance the ’t Hooft anomaly. On the right hand side of (6.5) we have introduced the
three-form Ω3(ϕ,Υ) that is determined locally by the condition
dΩ3(ϕ,Υ) ≡ η4(ϕ,Υ) = 1
64π2
ǫA1A2A3A4A5
[
DϕA1 ∧DϕA2 ∧DϕA3 ∧DϕA4 (6.6)
− 4 FA1A2 ∧DϕA3 ∧DϕA4 + 4 FA1A2 ∧ FA3A4
]
ϕA5 .
Of crucial interest are the group theoretical constants c(G) and c(H) appearing in (6.5). A conjec-
ture made in [5] is that c(G) = c2(G)|G|, where c2(G) is the dual Coxeter number and |G| is the
dimension of G. For AN Lie algebras in the breaking SU(N + 1)→ SU(N)× U(1) one has
c(G) − c(H)
6
=
N(N + 1)
2
, (6.7)
where we have inserted c(SU(N)) = N(N2 − 1). The AN groups appear, for example, on the
world-volume theory of a stack of M5-branes. For such setups the anomaly has been previously
computed in [4]. Since for theories with 16 supercharges the R-current and the stress-energy tensor
are components of the same multiplet, the ’t Hooft anomaly will be proportional to the conformal
anomaly. Thus, the appearance of a term of the form (6.5) allows us to draw conclusions about the
conformal anomaly of the theory. We will investigate whether the scaling behavior of the prefactor
of (6.5) is independent of an effective treatment of the five-dimensional compactified theory. To be
precise, we will check whether a different scaling behavior is produced upon slightly changing the
cut-off scale and thus integrating out five-dimensional Kaluza-Klein modes. If this was indeed the
case, it would indicate that it is much harder to extract the conformal anomaly of six-dimensional
(2, 0) theories from an effective five-dimensional treatment since it would be washed out by quantum
effects. Fortunately, we will be able to argue in the following that this is not the case.
6.2 One-loop correction of the five-dimensional action
To infer the couplings to ΥAB
µ
in the five-dimensional theory we first replace all covariant deriva-
tives (2.25) for fields charged under the R-symmetry group by their SO(5)R covariantizations.
Since the tensors BIn are neutral under SO(5)R their covariant derivatives will not admit the stan-
dard electric gauging. However, one expects that the correct SO(5)R covariantizations involves the
five-dimensional Kaluza-Klein reductions Ω3n of the three-form introduced in (6.6). Such covari-
antizations have been discussed in six dimensions in [3, 5]. For the tensors corresponding to the
U(1) in (6.1) one has
D̂Bn = dBn + αΩ3n , (6.8)
where α is a constant which we will discuss in more detail below. Due to the common six-
dimensional origin of α in (6.8), we will assume in the following that this charge is the same
for all Kaluza-Klein modes Bn. To determine the form of Ω3n we make the following Kaluza-Klein
reduction ansatz
ΥA = ΥA + yA(dy −A0) . (6.9)
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Note that in contrast to the reduction (2.6) of dynamical fields of the six-dimensional theory we
have only kept the zero modes in Kaluza-Klein expansion. This is analogous to the reduction of
the six-dimensional metric presented in (2.4). We will denote the Kaluza-Klein modes of the scalar
fields ϕA by ϕAn .
The modification (6.8) of the covariant derivatives will give rise to new interaction terms in the
Lagrangian (4.18). In particular one finds the modified Chern-Simons term for the massive tensors
of the form
ǫµνρλσF¯nµνD̂ρFnλσ . (6.10)
One expects that similar to the arguments in [3] the correction term involving Ω3 is obtained as
a one-loop correction when moving to the broken phase (6.1). A complete analysis of these terms
will be performed elsewhere, but for the moment we want to focus on two particular additional
structures
Lbgd = α
∞∑
n=0
ǫA1A2A3A4A5
[
inBn ∧ΥA1A2 ∧ FA3A4 ϕ¯A5n +Bn ∧ FA1A2 ∧ dyA3A4ϕ¯A5n
]
+ . . . . (6.11)
Using (6.11) to compute one-loop corrections to the classical action (4.20) we encounter new inter-
action vertices of the form
µ ν
A1A2 A3A4
ρτ A5
∼ αnǫµνρτσpσ ǫA1A2A3A4A5 , (6.12)
µ
A1A2 A3A4
ρτ A5
∼ α ǫµρτνσp(1)ν p(2)σ ǫA1A2A3A4A5 . (6.13)
Here we have denoted the field Υ with wiggly lines, the scalar field y with solid lines, the scalar
field ϕ with dashed lines, and the tensor field Bn with double lines. From the Lagrangian (4.18)
one infers that the propagators for the dynamical fields are given schematically by
A B ∼ δAB
p2 +m2n
, (6.14)
µν λτ ∼
2δ
[λ
[µδ
τ ]
ν] − 4m−2n p[µδ
[λ
ν]p
τ ] +m−1n ǫ
λτ
µνρ pρ
p2 +m2n
. (6.15)
We note that these quantities are still formulated in an SO(5)R covariant form. However, as
already remarked previously, the introduction of the scalar vacuum expectation values breaks this
to SU(2)R × SU(2). In this way all tensor structures in (6.12)—(6.15) should be decomposed
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Figure 1: One-loop four-point diagram with external background fields.
accordingly. Since this will not be important for our argument, we will not perform this task here,
but we will rather focus on one particular SU(2)R × SU(2) channel.13
With these ingredients, we can construct the 4-point diagram at one-loop level depicted in
figure 1. This diagram corresponds to a term in the effective action of the form
α2 yaa˙Υaa˙ ∧ Fbb˙ ∧ Fbb˙ + . . . , (6.16)
where the dots denote further SU(2)R × SU(2) channels. However, we would like to point out
that this term is proportional to α2 due to the fact that figure 1 contains two vertices of the type
(6.12) and (6.13). In [5] it has been proposed that α is of order N for N ≫ 1, which leads to a
scaling behavior of the form N2. Moreover, comparing to (6.5) we see that these are precisely the
same terms that arise upon dimensional reduction to five dimensions once some of the scalar fields
ϕ in the definition of η4 in eqn. (6.6) are replaced by their vacuum expectation values and the
normalization (6.2) is taken into account. We thus conclude that the scaling behavior of the Wess-
Zumino term (6.5), predicted for reasons of anomaly cancellation in [5], is not modified through
integrating out Kaluza-Klein modes in the effective five-dimensional action. Any such contributions
will only modify the numerical prefactor consistently with a change of the cut-off scale.
We repeat again that this analysis only indicates that information of the six-dimensional theory
at the quantum level is not spoiled through an effective treatment of the compactified theory. In
particular, the calculations of this section do not allow us to draw direct information about the
conformal anomaly of (2, 0) theories. The computation required to analyze the conformal anomaly
involves integrating out all massive modes in the breaking (6.1) starting from our non-Abelian
action and will be the subject of a future publication.
13We can think of this as considering one particular projection with harmonic variables according to the logic of
section 5.
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7 Discussions and conclusions
With the motivation to describe the dynamics of (2, 0) self-dual non-Abelian tensors in six dimen-
sions, we have studied five-dimensional supersymmetric Kaluza-Klein inspired actions. Our starting
point is the five-dimensional action (2.7) for the Kaluza-Klein tower of modes of six-dimensional
Abelian self-dual tensors coupled to the Kaluza-Klein vector. Our efforts have been directed to-
wards a generalization of this action that can accommodate many relevant features expected from
non-Abelian (2, 0) theories. We propose the superconformal action (4.15), together with (4.18) in
which conformal symmetry is fixed, as a promising candidate of a five-dimensional theory encoding
non-trivial information about the physics of (2, 0) non-Abelian tensors.
Indeed, the action (4.15) possesses some key features that make it particularly attractive in
this respect. Firstly, its spectrum contains the Kaluza-Klein towers of all bosonic and fermionic
degrees of freedom that are expected upon circle compactification of six-dimensional (2, 0) tensor
multiplets. Secondly, these Kaluza-Klein towers are gauged under a non-Abelian group G. The
zero modes of six-dimensional tensors play a distinct role, as they are used as gauge connections.
All other bosonic and fermionic fields, however, are treated on the same footing and transform in
the adjoint representation of G. Furthermore, all couplings of the action (4.15) are determined
exclusively in terms of group theoretical invariants and are written as sums over all Kaluza-Klein
levels. Finally, the action (4.15) is invariant under five-dimensional superconformal symmetry
with eight supercharges. Note also that in addition to the N = 2 R-symmetry group SU(2)R
there is a further global SU(2) symmetry. Superconformal symmetry can be restricted to Poincare´
supersymmetry yielding the action (4.18).
By means of a five-dimensional formulation we have been able to avoid several complications
present in six dimensions. The six-dimensional self-duality was imposed on the level of the action
just as in the Abelian case [12]. In this process zero modes and excited modes have to be treated
differently. For the massless modes one can remove the tensor duals and package the degrees of
freedom into vector multiplets. This is not possible for the excited modes where it is necessary
to keep the tensor degrees of freedom. In fact massive tensors are generated by absorption of a
massless vector by a massless tensor, according to a Stu¨ckelberg-like mechanism. Any attempt
to dualize the massive tensor would require dualizing both the massless vector and the massless
tensor, with no net effect on the spectrum of the theory.
Building on this undemocratic treatment of massless and massive degrees of freedom we have
implemented the non-Abelian gauging. The characteristic data defining the N = 2 superconformal
theories are given in terms of the group invariants dIJ and fIJK, i.e. the trace and the structure
constants of G, and the Kaluza-Klein levels. For this identification to work it was crucial that
the excited modes at each Kaluza-Klein level are naturally complex and thus correspond to a real
SO(2)KK-doublet. As a consequence, the SO(2)KK-epsilon invariant can be combined with the
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totally antisymmetric structure constants fIJK to yield symmetric composite invariants that can
enter the N = 2 data specifying the dynamics of the vector and tensor sector of the model. It
is also interesting to point out that the superconformal formalism in five dimensions naturally
accommodates the compactification radius and the Kaluza-Klein vector into an additional vector
multiplet coupled to all excited multiplets. This is essential in order to get mass terms for these
Kaluza-Klein modes once conformal symmetry is fixed.
In two special cases the connection between the five-dimensional action (4.18) and six-dimensional
physics becomes transparent and the number of supercharges is automatically enhanced from eight
to sixteen. On the one hand, in the regime in which all excited Kaluza-Klein modes can be ne-
glected the massless sector of (4.18) is shown to be a rewriting of N = 4 super Yang-Mills theory.
This is precisely the expected outcome of dimensional reduction of a non-Abelian (2, 0) theory on
a circle. On the other hand, if the non-Abelian gauging is turned off the full action (4.18) for both
zero modes and excited modes coincides with the action for a set of Abelian (2, 0) tensor multiplets
on a circle of arbitrary radius. Note that in this second special case we also recover six-dimensional
Poincare´ invariance in the limit of infinite radius, even though it is realized in a non-manifest way
in the five-dimensional action.
We are confident that our actions (4.15) and (4.18) can be used to extract information about
six-dimensional physics also away from the two special situations mentioned above. In order to
substantiate our claim, it is essential to study in more detail the status of global and local sym-
metries of (4.15), (4.18) from a six-dimensional perspective. The global symmetry algebra of (2, 0)
theories is given by the superconformal algebra OSp(8∗|4) [53–56].14 On the one hand, invariance
under five-dimensional Poincare´ symmetry, R-symmetry and Q-supersymmetry is expected to be
unaltered by compactification on a circle. On the other hand, symmetry under the remaining gen-
erators of OSp(8∗|4), including Poincare´ transformations involving the circle direction, dilatations,
conformal boosts, S-supersymmetry, is expected to be restored only in the decompactification limit.
In addition to the global symmetries listed above, (2, 0) theories are expected to possess a
local symmetry that generalizes the usual Abelian gauge symmetry of tensor fields, δB = dΛ.
On general grounds one can argue that it yields an infinite tower of local symmetries once the
theory is compactified on a circle. This corresponds to an expansion of the six-dimensional gauge
parameter in Kaluza-Klein modes. It is conceivable that our action can be regarded as the outcome
of a suitable gauge-fixing of such an infinite tower of local invariances. From this perspective, the
non-Abelian gauge transformations (2.24) are interpreted as the residual local symmetry of the
theory. The undemocratic treatment of zero modes might be thus a by-product of this gauge-fixing
procedure. A better understanding of these issues is desirable and left for future research.
In this work we have started to address global symmetry restoration by analyzing in detail the
14For a constructive classification of lowest weight unitary irreducible representations of the six-dimensional con-
formal algebras OSp(8∗|2N) see [57].
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possibility of R-symmetry and Q-supersymmetry enhancement. By allowing a functional depen-
dence of all fields on an additional S4 and integrating over the latter we enhance the SU(2)R×SU(2)
symmetry of our N = 2 action (4.15) to USp (4)R, which is the R-symmetry group compatible with
N = 4 supersymmetry in five dimensions. The N = 2 multiplets can thus be understood as par-
ticular decompositions of full N = 4 multiplets with the help of additional bosonic coordinates
that parametrize S4. Upon rewriting the action using this language we restore the full N = 4
R-symmetry group by integrating over the latter in a well-defined manner. For example, we have
demonstrated explicitly, that upon imposing particular H-analyticity conditions on the various
fields, thereby constraining their functional dependence on S4 and performing explicitly the inte-
gration over the u-coordinates, we recover maximally symmetric Yang-Mills theory for the massless
sector of the theory. In its manifestly USp (4) invariant form, the full action can be used to quantize
the theory keeping the dependence of the field on S4.
The (2, 0) non-Abelian theories we are aiming at are supposed to describe, in particular, the
world-volume theory of a stack of M5-branes. To provide further evidence for such an identification
we have briefly analyzed some quantum aspects of our action. Similar to the discussion in [12],
one can ask if the theory captures information about the six-dimensional anomalies. While in [12]
we have focused on aspects of six-dimensional gravitational anomalies, we here were considering
terms required to cancel the six-dimensional conformal anomaly in the breaking SU(N + 1) →
SU(N) × U(1). We have argued that due to the tower of massive modes new one-loop Feynman
diagrams are allowed which induce a correction to a Wess-Zumino type coupling of an external
USp (4)R gauge field. Our findings support the claim that the large-N scaling behavior of the
Wess-Zumino term can indeed be extracted by computing five-dimensional one-loop diagrams.
Some remarks are in order about the interpretation of classical actions like (4.18) with an infinite
tower of massive Kaluza-Klein modes. Indeed, there seems to be a tension between a spectrum
with arbitrarily high masses and the standard effective field theory paradigm, according to which
massive degrees of freedom have to be integrated out. More precisely, if the compactification radius
is r and the fixed energy scale of reference is E, excited modes with level n ≫ rE should not be
included in the low energy spectrum. We suggest that our actions for Kaluza-Klein towers can be
considered as valid effective actions in the decompactification regime r ≫ E−1, since in this limit
an arbitrarily high number of excited modes can be integrated in. This set-up can be contrasted
with the set-up of refs. [29, 30]. In that case, the opposite situation r ≪ E−1 is considered, in such
a way that all excited modes should be integrated out. As conjectured in [29, 30], in this limit all
higher modes are still accessible as non-perturbative excitations of super Yang-Mills fields. Our
Kaluza-Klein description can perhaps be considered as a complementary treatment of the same
degrees of freedom in a different regime.
In order to link our proposed action (4.15) with the (2, 0) theories we have demonstrated that
it has many highly appealing features, both in terms of symmetries of the classical action as well
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as properties at the quantum level. Many questions are still left open for investigation. First
of all, restoration of six-dimensional global symmetries and especially Poincare´ symmetry in the
decompactification limit is desirable. To this end, it might be possible to use a procedure similar
to the one we applied to restore R-symmetry, by formulating the theory more abstractly in terms
of a fixed embedding tensor and summing over all possible embeddings. This would ensure a more
democratic treatment of the AIn and B
I
n and might result in an interesting effective dynamics.
Secondly, in terms of geometry, our construction gave an explicit proposal for the scalar moduli
space in N = 2 language, i.e. for the scalars in the tensor, vector and hypermultiplets separately.
It is desirable to study in more detail how the harmonization procedure allows us to combine them
into a single moduli space for the N = 4 theory. Besides this, it would be interesting to analyze
further remnants of the six-dimensional superconformal symmetry. In order to do that it appears
to be crucial to introduce additional compensator multiplets and investigate their relations with
the supergravity multiplet. It would also be interesting to study the scalar potential of our theory
in more detail, which could lead, for example, to further insights into the M5-brane dynamics.
Finally, we have presented a preliminary discussion of some quantum properties of five-dimensional
action. It is a very interesting question to continue this investigation and to extract the conformal
anomaly in the case of breaking the gauge group SU(N) → U(1)N . We hope to return to a more
thorough investigation of these aspects in the future.
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Appendices
A Notations, conventions and useful identities
Five-dimensional flat spacetime indices µ, ν, . . . run from 0 to 4 and are raised and lowered with
the mostly plus Minkowski metric gµν = diag(−,+,+,+,+) and its inverse gµν . The Levi-Civita
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tensor ǫµνρστ has components
ǫ01234 = +1 = −ǫ01234 . (A.1)
Five-dimensional gamma matrices γµ are constant, complex-valued 4 × 4 matrices satisfying the
anticommutation relation
{γµ, γν} = 2gµν I . (A.2)
We use the shorthand notation γµ1...µp = γ[µ1 . . . γµp], and we choose a representation of gamma
matrices such that
γµνρστ = i ǫµνρστ I . (A.3)
We further assume the hermiticity property
γ0γµ(γ0)−1 = −(γµ)† . (A.4)
The charge conjugation matrix C in five dimensions acts on gamma matrices according to
CγµC−1 = +(γµ)T . (A.5)
We use a representation such that C is real and satisfies
CT = −C = C−1 . (A.6)
In our work we encounter three different kinds of symplectic indices. First of all, we have indices
i, j = 1, . . . , 4 of the 4 representation of USp(4)R. Secondly we find two different copies of the 2
representation of SU(2)R, labeled by indices a, b = 1, 2 and a˙, b˙ = 1, 2. Each symplectic group is
endowed with a primitive antisymmetric invariant: Ωij for USp(4)R and ǫab, ǫa˙b˙ for the two copies
of SU(2).
For all symplectic groups we adopt the same conventions regarding the inverse of the antisym-
metric invariant, the raising and lowering of indices, and the reality properties. For definiteness,
we write down the conventions for USp(4)R. The inverse Ω
ij of Ωij is defined by the relation
ΩikΩ
jk = δji . (A.7)
Given any object T i with (at least) one symplectic index, raising and lowering of i are performed
according to the NW-SE convention:
T i = ΩijTj , Ti = T
jΩji . (A.8)
Complex conjugation interchanges upper and lower symplectic indices. The antisymmetric invariant
satisfies the reality property
(Ωij)
∗ = Ωij . (A.9)
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An explicit realization of the invariants Ωij, ǫab with all required properties is furnished by
Ωij =

0 1
−1 0
0 1
−1 0
 = Ωij , ǫab = ( 0 1−1 0
)
= ǫab . (A.10)
The second expression can also be applied to ǫa˙b˙, ǫ
a˙b˙.
Let us now discuss in more detail symplectic spinors, i.e. spinors carrying one of the three kinds
of symplectic indices listed above. For definiteness, we write down equations with i, j indices, but
the same conventions apply to a, b and a˙, b˙ indices. The Dirac bar of a symplectic spinor λi is
defined according to
λ¯i = (λi)
†γ0 . (A.11)
If symplectic indices are omitted in a spinor bilinear, a NW-SE contraction is understood,
λ¯χ = λ¯iχi . (A.12)
The Fierz rearrangement formula for anticommuting spinors in five dimensions reads
(ψ¯1ψ2)(ψ¯3ψ4) = −14(ψ¯1ψ4)(ψ¯3ψ2)− 14(ψ¯1γµψ4)(ψ¯3γµψ2) + 18 (ψ¯1γµνψ4)(ψ¯3γµνψ2) , (A.13)
where spinors ψ1, ψ2, ψ3, ψ4 can carry arbitrary indices and Kaluza-Klein levels. In our conventions,
complex conjugation acting on the product of anticommuting variables does not change their order.
Therefore, the reality of bilinears is determined by the basic relation 15
(λ¯iχj)
∗ = χ¯jλi . (A.14)
The Majorana condition for a symplectic spinor λi reads
λ¯i = Ωij(λj)
TC . (A.15)
As a result, if λi, χj are Majorana, we have the flip property
λ¯iγµ1...µpχj = χ¯jγµp...µ1λi . (A.16)
Note that an extra minus sign is needed if the USp(4)R indices i, j are contracted on both sides
according to the NW-SE convention. This implies that λ¯iχi is purely imaginary for real λ
i, χi. Any
symplectic spinor λi can be decomposed in a SO(2) doublet of Majorana symplectic spinors λi α,
α = 1, 2:
λi = 1√
2
(
λi α=1 + iλi α=2
)
, λ¯i α = Ωij(λαj )
TC . (A.17)
15Care has to be taken in raising/lowering indices with Ω in equations involving complex conjugation. For example,
moving the index j in (A.14) gives (λ¯iχj)∗ = −χ¯jλi.
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Multiplication of λi by a U(1) phase is equivalent to an SO(2) rotation of the doublet λi α. With
this understanding, equations (2.19), (2.20) hold also if X is a symplectic spinor.
With the definitions (2.18) and (2.21) one infers the the following identities to match the SO(2)
and the complex notations. They are written with SU(2)R indices for definiteness, but they hold
for arbitrary symplectic indices. One has
δαβx
αyβ = 2Re(x¯y) , ǫαβx
αyβ = 2 Im(x¯y) ,
δαβχ¯
aαλβa = 2i Im(χ¯
aλa) , ǫαβχ¯
aαλβa = −2iRe(χ¯aλa) ,
δαβψ¯
axαλβa = 2i Im(ψ¯
ax¯λa) , ǫαβψ¯
axαλβa = −2iRe(ψ¯ax¯λa) , (A.18)
where x, y are complex bosonic fields, χ, λ are complex spinors, ψ is a Majorana spinor. The same
identities hold when SU(2)R indices are contracted with a tensor that satisfies a pseudo-reality
condition (e.g. Y I ab).
B Summary of indices
In this appendix we summarize the index conventions used throughout this work. We stress that
we sometimes also distinguish indices with letters appearing at different positions in the alphabet.
For example, we consider indices I, J, ... and M,N, ... to label different objects. The complete list
of indices reads:
Spacetime indices
µ, ν = 0, . . . , 4 five-dimensional indices
µ,ν = 0, . . . , 5 six-dimensional indices
Symplectic indices
i, j = 1, . . . , 4 indices of the 4 representation of USp(4)R
A,B = 1, . . . , 5 indices of the 5 representation of SO(5)R
a, b = 1, 2 indices of the 2 representation of SU(2)R
a˙, b˙ = 1, 2 indices of the 2 representation of SU(2)
Other indices
n,m ≥ 1 Kaluza-Klein level for excited modes
α, β = 1, 2 indices of the 2 representation of SO(2)KK
I, J = 1, . . . , |G| indices in the adjoint representation of the gauge group G
M = {Iαn}, N = {Jβm} multi-index labeling massive N = 2 tensor multiplets
Î = (0, I) collective index for all N = 2 vector multiplets, including V̂0
I = (I,M) collective index useful in the discussion of N = 2 hypermultiplets
Λ = (0, I,M) collective index useful in the superconformal phase
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C Six-dimensional (2, 0) pseudoaction for Abelian tensors
In this appendix we review the supersymmetry transformations and the associated supersymmetric
action for a collection of non-interacting six-dimensional tensor multiplets T I , labelled by the
degeneracy index I. The content of tensor multiplets T I is summarized in Table 2.1. In order to
improve the readability, we refrain from using boldface symbols for six-dimensional quantities in
the following expressions.
The linearized Poincare´ (2, 0) supersymmetry transformations read [56]16
δ(ǫ)BIµν = −ǫ¯iγµνλi ,
δ(ǫ)λI i = 16HIµνργµνρǫi + 2/∂σI ijǫj ,
δ(ǫ)σI ij = −4
(
ǫ¯[iλI j] + 14Ω
ij ǫ¯kλIk
)
. (C.1)
Recall that the tensor field strength is defined asHIµνρ = 3∂[µBIνρ]. Note that contraction with γµνρǫi
automatically selects the anti-self-dual part of the field strength, because ǫi is a left-handed Weyl
spinor in our conventions. The supersymmetry algebra closes only up to the free-field equations of
motion for BIµν , λ
I i, σI ij . They can be derived from the following supersymmetric pseudoaction:
S(6) =
∫
d6x dIJ
{
− 112 HI µνρHJµνρ − 12 ∂µσI ij∂µσJij − 14 λ¯I i/∂λJi
}
. (C.2)
We stress that this is not a proper action, since the self-duality constraint on the field strengths of
tensors cannot be derived from it, and has to be imposed at the level of the equations of motion. In
order to write down kinetic terms, the symmetric, positive-definite, constant matrix dIJ has been
introduced.
D Weyl rescaling and USp(4) R-symmetry in five dimensions
In section 5 we have discussed a proposal to enhance the R-symmetry group of the five-dimensional
action (4.18) to USp(4)R compatible with N = 4 supersymmetry. Throughout this discussion
we have neglected the question of conformal invariance, and have worked in the restricted frame
using (3.12). Notice that indeed no conformal extension of the five-dimensional super Poincare´
algebra with 16 supercharges exists [6]. However, in this section we will briefly outline how at least
five-dimensional scaling symmetry can be restored in the USp(4)R covariant form.
16 Compared to reference [56], the fields and the supersymmetry parameter have been rescaled by suitable factors
to achieve canonical normalization in the pseudoaction below.
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D.1 Additional multiplets
The main problem in restoring scaling invariance in the USp(4)R covariant frame is the additional
superfield V̂0 defined in (3.9). Indeed, while from the very beginning we have chosen the spectrum
of physical fields in a way which is compatible with USp(4)R R-supersymmetry (see section 3),
there is only a single N = 2 vector multiplet (3.9), whose scalar field φ0 is particularly important
for scaling invariance. We now propose to upgrade the single N = 2 multiplet (3.9) to at least the
field content of a full N = 4 vector multiplet.
It turns out, however, that this alone is not sufficient either but additional full N = 4 multiplets
need to be introduced. This is not surprising from the point of view of supergravity: In fact, as
discussed in [61], for five-dimensional (linearized) off-shell supergravity a total of five compensat-
ing vector multiplets need to be added. In the discussion of the rigid limit (which is relevant in
section 5), gravity has been decoupled and any constraints on the compensators (apart from fix-
ing Weyl invariance) stemming from the supergravity multiplet had already been trivially fulfilled.
Moreover, by presenting the action with reference to a fixed N = 2 subalgebra as in (4.18), local
USp(4) invariance was implicitly gauge-fixed (see previous section) and the corresponding con-
straints implicitly solved. This indeed leaves only the compensator (3.9) that was added for scaling
invariance in the rigid N = 2 action (see section 3). However, when we attempt to restore the
full USp(4) R-symmetry group it is not surprising that part of the local gauge freedom is restored
thereby requiring the introduction of additional multiplets.
In the following subsection we aim to rewrite the action (4.15) in a harmonized form incorpo-
rating Weyl scaling symmetry. To this end, suitable harmonic variables are introduced. Note that
the construction of such variables can be performed making use of a single N = 4 compensator
multiplet. It will be denoted V0 and is the minimal extension of the N = 2 compensator multiplet
V̂0. Let us stress again, however, that one compensator multiplet is not sufficient in complete
treatment of the compensator sector of the theory, which is beyond the scope of this appendix.
D.2 Scaling invariant action
After introducing additional degrees of freedom, we will now briefly outline how to construct a
five-dimensional scaling invariant action. As in the case of N = 2 supersymmetry, the instrumental
ingredient are the scalar fields. Our presentation will follow very closely a similar discussion in
four-dimensions [63].
Under Weyl rescalings, every field transforms with a Weyl weight, according to the powers
described in section 3. A scaling invariant action is achieved by compensating this weight factor
with the help of additional fields. Thus, our starting point is the following harmonic projection of
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the scalar component of the additional N = 4 vector multiplet17 V0 which we denote σ0 ij
φ0 = 1√
2
σ0 ijuai u
b
jǫab , q
0 aa˙ = (φ0)1/2σ0 ijuai u
a˙
j . (D.1)
Here the component φ0 transforms with a weight factor under Weyl rescalings with parameter
ρ, while the q0 aa˙ components in addition undergo non-trivial local USp (4) transformations with
parameters λji as
δφ0 = ρφ0 , δq0 aa˙ = ǫabuibλi
jua˙j +
3
2ρq
0 aa˙ . (D.2)
As we can see, the combination
q˜0 aa˙ =
q0 aa˙
(φ0)3/2
, δq˜0 aa˙ = ǫabuibλi
jua˙j , (D.3)
is weightless under Weyl rescalings and can be used to define quantities which are inert under local
USp(4). In the discussion in section 4 the latter had been gauged by setting q˜0 aa˙ = 0. As before
(see e.g. (4.15)) we can use φ0 to compensate for Weyl rescalings. Thus, with the help of these
fields, we can define new (field-dependent) harmonic variables
vai = u
a
i + u
a˙
i ǫa˙b˙ q˜
0 ab˙ , va˙i = u
a˙
i , (D.4)
v¯ia = u¯
i
a , v¯
i
a˙ = u¯
i
a˙ + ǫ
ab q˜0ba˙ u¯
i
a , (D.5)
which are inert under local transformations (δv = δv¯ = 0). With the help of these quantities we
can now write the harmonic projection of the physical scalar fields(
vai v
b
j v
a
i v
b˙
j
va˙i v
b
j v
a˙
i v
b˙
j
)
σI ijn =
(
1√
2
ǫabφIn (φ
0)−1/2qI ab˙n
−(φ0)−1/2qI ba˙n − 1√2ǫa˙b˙φIn
)
, (D.6)
which can be used to write the action in an USp (4)R covariant fashion
18
LUSp(4)[σij , λi, A,B] =
=
∫
S4
duLN=2
[(
vai v
a˙
j σ
ij
(σ0 ijuai u
b
jǫab)
1/2 ,
va˙i λ
i
(σ0 ijuai u
b
jǫab)
1/2
)
;
(
vai v
b
jǫabσ
ij , vai λ
i, A
)
;
(
vai v
b
jǫabσ
ij, vai λ
i, B
)]
+ higher terms , (D.7)
where the higher terms denote additional contributions including the superpartners of the compen-
sating scalars, which are needed to achieve full local USp (4) symmetry.
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